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𝜂∞
′  
Infinite-shear-rate viscosity or hydrodynamic 
interaction for a single isolated particle  
(7.4.2) 
𝜂p Shear viscosity contributed by interparticle forces (7.4.2) 
𝜂eff 
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Agglomeration and sedimentation of suspended colloidal particles occur in many 
natural phenomena, in consumer products, and in engineering applications. Stabilized 
colloidal pigment dispersions were used in ancient Egypt and in ancient France thousands 
of years ago. Present day applications include the manufacturing of paints and coatings, 
enhanced oil recovery, waste-water treatment, pharmaceutical dispersions, biotechnology, 
and inkjet printing. The most common problem in colloidal science is how to stabilize 
suspended colloidal particles against agglomeration by controlling their interparticle 
forces. If the particles agglomerate, the sizes of the resulting agglomerated particles 
increase, increasing the sedimentation (or creaming) rate, and the suspensions can 
become unstable. In certain coating processes, preventing the agglomeration of dispersed 
particles is less important, since the particles may agglomerate after the coating is applied 
and dried. By contrast, strategies for preventing sedimentation, whether or not 
agglomeration occurs, are particularly important for suspensions containing high-density 
particles. For such suspensions, few fundamental studies are available in the literature, 




substantial detail, on the stability of aqueous (or other) suspensions against not only 
agglomeration but also sedimentation. Strategies for preventing the sedimentation of 
suspensions containing high-density particles, especially for inkjet printing applications, 
are another focus of the thesis. 
Titania particles are a common pigment material for high-quality white inks. Their 
density (4.2 g/cm3) is quite high, compared to other pigments, causing them to be quite 
susceptible to settling. To stabilize these high-density particles, three surfactants were 
chosen as dispersants and stabilizers. One was an anionic single-chain surfactant, sodium 
dodecylsulfate (SDS); a second was a nonionic single-chain surfactant, Triton X-100 
(TX100); a third was a cationic double-chain surfactant, didodecyldimethylammonium 
bromide (DDAB). The targeted titania particles were quite polydisperse in size with 
diameters 𝑑TiO2 =280±100 nm. 
 In the aqueous SDS solutions with concentration above its cmc (ca. 8 mM in water), 
the particles were well dispersed and remained stable against coagulation, mainly due to 
the strong electrostatic interactions produced by the adsorbed surfactants on the particle 
surfaces. Nonetheless, the particles still settled by 0.5 cm in 45 h, and that is the best 
stability against sedimentation that can be achieved by using SDS as the stabilizer. 
Moreover, at higher SDS concentrations, above 60 mM, the particles flocculated in short 
times and settled in 1 to 2  h. The flocculation is attributed to the strong depletion 
interactions, induced by the SDS micelles (Yang et al. JCIS 2015). On the other hand, by 
using TX100 as the stabilizer ( cmc ≅ 0.24 mM in water), a slower sedimentation 
occurred with surfactant concentrations above 20 mM, mainly due to the viscosity effects 




apparent depletion-induced flocculation was observed in the TX100 solutions with the 
concentrations up to 250 mM. The micelle-induced depletion, however, was masked by 
the viscosity effects. On the basis of these two studies, we can conclude that single-chain 
surfactants have limits for stabilizing high-density particles against sedimentation, even 
though the particles are stable against agglomeration (both coagulation and flocculation). 
Other types of stabilizers are, therefore, needed for providing a different stabilization 
mechanism.   
By contrast, when the double-chain surfactant DDAB was used as the stabilizer, the 
particles remained suspended for at least 18 months at the surfactant concentration of 2 
wt% (43.3 mM). At this concentration, the vesicles formed a tightly close-packed 
structure with a volume fraction over 0.7, as evidenced by cryo-TEM (cryo-transmission 
electron microscopy) images. Thus, the particles were trapped in such close-packed 
structures. Several independent lines of evidence, including dynamic light scattering, zeta 
potential measurements, and viscosity measurements, support the inference. The highly 
shear-thinning DDAB dispersions have viscosities of 104 to 106 mPa ∙ s at low shear 
stresses from 0.002 to 0.02 Pa, and  viscosities of 10 mPa ∙ s at high shear stresses, from 
5 to 10 Pa. In such suspension media, the titania particles respond to the low-shear-stress 
viscosities, which are responsible for the very small, if any, sedimentation rates. 
Nonetheless, the flowability of the bulk titania suspensions is still quite suitable for the 
ink-jet printing applications, because of their low high-shear-stress viscosities (Yang et al. 
Langmuir, 2015; PCT international patent application, 2016).  
To elucidate the key factors of this vesicular stabilization mechanism, we have used 




density particles and non-settling particles (light particles), which mimic the behaviors of 
“rigid” vesicles.  The key factor in these mechanisms is confirmed to be the volume 
fraction of the light particles 𝜙2, as would be expected. As 𝜙2 exceeds a threshold of 
about 0.3 to 0.5, depending on the sizes of the light particles, the high-density particles 
can remain suspended indefinitely. The simulation results indicate, consistently with the 
experimental data, that a general method for long-term stabilization against sedimentation 
of the high-density particles can be provided by the dispersions of the light particles, 
which do not impede significantly the flow of the bulk suspensions. 
As mentioned earlier, the particles will settle faster if they agglomerate when settling. 
To investigate the effects of agglomeration on the sedimentation times, we have 
developed novel models to predict the measured (or net) sedimentation time 𝑡s, which is 
a characteristic time used in this thesis for quantifying the extent of the stability against 
sedimentation. In our models, to a first approximation, the processes of sedimentation 
and agglomeration are assumed to be decoupled and to occur sequentially, with 
agglomeration followed by sedimentation. The key idea of the models is to predict the 
agglomeration time, 𝑡a𝑛, for forming a cluster with n primary particles (or monomers) 
and compare it to the intrinsic sedimentation time of that cluster, 𝑡s𝑛, obtained from the 
Stokes law. As the particles agglomerate or as 𝑛  increases, 𝑡a𝑛 , increases and 𝑡s𝑛 
decreases. When 𝑡a𝑛, and 𝑡s𝑛 are about equal, which should occur for some cluster size 
𝑛 = 𝑛∗, both the agglomeration and the sedimentation rates are important, and the net 
sedimentation time is predicted to be roughly equal to 𝑡a𝑛∗  or 𝑡s𝑛∗.  
The models are evaluated with the initially monodisperse silica suspensions (Yang et 




agglomeration rate increases and depends on the NaBr concentration, cNaBr. The model 
predictions are consistent, qualitatively and semi-quantitatively, with the data of the 
sedimentation half-times. The models can also be used in predicting the sizes and the 
densities of the clusters, and in predicting the Fuchs-Smoluchowski stability ratios by 





1.1 What are “colloidal dispersions?” 
The establishment of colloid science as a scientific discipline can be traced back to 
mid-nineteenth century, although many colloidal phenomena have been known for 
thousands of years. In 1845, Selmi studied certain colloidal systems systematically for the 
first time and recognized the differences between “true” or molecular solutions and 
colloidal systems, which can be true solutions (lyophilic colloid), though complex, or two 
phase dispersions or suspensions (lyophobic colloid).
1
 He investigated lyophobic 
suspensions of silver chloride, sulphur, and Prussian blue in water, referring to them as 
“pseudosolutions,” and reported no temperature changes when these pseudosolutions 
were prepared. More systematic studies were done by Graham, who reported in 1861 
large quantitative differences in the diffusivities of true solutions and Selmi’s 
pseudosolutions.
1
 He coined the term “colloid”, which is originally derived from a Greek 
word – “κολλα” meaning “glue-like,” to describe a pseudosolution and to emphasize 
their low diffusion rate and the lack of crystallinity. Because of the low diffusivity, the 
size of colloids should be fairly large compared to the molecules, at least 1 nm; on the 
other hand, the sizes should have an upper limit of about 1 μm to account for the failure 
of the particles to sediment under the effect of gravity. Wolfgang Ostwald created the 




system consisting of a homogeneous medium (continuous phase) and dispersed particles 




In recent times, colloids are typically defined with a diameter ranging from 1 nm to 
1000 nm; in such a “colloidal” size range, the particles are presumed to have a substantial 
Brownian motion to overcome the effects of gravity, and then remain suspended 
indefinitely. Stable colloidal dispersions occur in various industrial products, such as inks, 
paints, cosmetics, detergents, foods, pharmaceutical, and drug delivery systems.  
The colloidal particles can be unstable against agglomeration. As the particles collide 
and agglomerate, particle clusters or agglomerates may form with larger diameters. Once 
their diameters exceed the limit of the colloidal size range, their Brownian motion may be 
no longer substantial enough to prevent them from settling or creaming (moving upward). 
Then the dispersions become unstable against agglomeration. Yet, dense particles, or 
particles with a high density, even with diameters in the typical colloidal size range may 
settle without any agglomeration, as shown in this thesis. The settling and creaming 
processes are involved in many practical applications, such as separations of 
macromolecules or industrial wastes, industrial filtration, harvesting microalgae for bulk 
biomass production, and the isolation of cells from blood. 
The agglomeration processes include an irreversible process, “coagulation,” or a 
possibly reversible process, “flocculation.”  The mechanisms that lead to particle 
agglomeration include (1) Brownian motion (perikinetic agglomeration), (2) fluid flow 
(orthokinetic agglomeration), and (3) differential settling.
2
 For the perikinetic mechanism, 




particles. When some form of flow, either by stirring or by shearing, is imposed to a 
dispersion, the rate of interparticle collisions will increase, resulting in some orthokinetic 
agglomeration. In differential settling, particles of different diameters settle with different 
velocities, causing the faster moving particles to collide with the slower moving particles, 
leading to agglomeration. Particle sedimentation occurs due to gravitational forces, which 
depend on the particle mass and the density of dispersion medium, and their 
agglomeration can lead to a faster sedimentation, as mentioned earlier. These two 
phenomena, agglomeration and sedimentation, are usually coupled. One can affect the 
other strongly. Nonetheless, because of the difficulties in accounting for or modeling this 










A schematic diagram of several phenomena that lead to the destabilization of 
colloidal dispersions and the most common mechanisms for particle agglomeration or for 
particle sedimentation is shown in Figure 1.1. The focuses of the present thesis are 
primarily on colloidal particle sedimentation coupled with perikinetic agglomeration and 
on the stabilization mechanism of the colloidal particles against sedimentation. 
 
1.2 Interparticle interactions of colloidal particles in dispersions 
The interparticle potential energies are mainly responsible for the structure and the 
dynamics of colloidal dispersions. Dispersions of particles with purely attractive 
interactions, or purely repulsive interactions, or both attractive and repulsive interactions,  
have different properties. For all three agglomeration mechanisms mentioned earlier, the 
particle agglomeration is essentially caused by the attractive van der Waals (vdW) 
interactions. The interaction is described quantitatively by an equation which includes the 
Hamaker constant and certain geometric factors.
3-4
 Between two identical spheres, the 
vdW attractive potential energy ΦvdW is given by4  













where 𝐴 is the Hamaker constant for the pair of the particles, 𝑑 is the diameter of the 
particles, and ℎ is the separation distance between the two particle surfaces. As for two 
non-identical spheres, the vdW attractive potential energy  Φ𝑖𝑗
vdw between particles i and j 
with diameters 𝑑𝑖 and 𝑑𝑗 respectively is
4
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where 𝐴𝑖𝑗  is the Hamaker constant for particles i and j and 𝑟𝑖𝑗 is the center-to-center 
distance between the particles. As 𝑑1 = 𝑑2, Equation (1-2) reduces to Eq. (1-1). Further, 
the Hamaker constant is, usually, calculated from the quantum electrodynamic Lifshitz 
theory or from a computational method such as time-dependent density functional 
theory.
5-9
 Alternatively, it can be measured experimentally with a surface force apparatus 
or atomic force microscopy.
5, 10-12
  
For many applications, it is desirable to prevent particle agglomeration or to delay it 
substantially for weeks and months. This can be achieved only if there are some repulsive 
forces among the particles that are strong enough to counteract and exceed the attractive 
forces. The typical repulsive interactions associated with colloidal particles include the 
electrostatic double layer potential and the steric potential. Other forces such as the 
structural solvation forces are less important.  
In the electrostatic stabilization mechanism, the surfaces of the colloidal particles are 
charged by having some ionic groups physically adsorbed or chemically attached to the 
surfaces, and give rise to strong repulsive forces. In an electrolyte solution, the surface 
charges affect the ion distribution around the particle, and an electric double layer 
develops. The overlapping of the electric double layers around two charged particles 
leads to mutual repulsion and therefore improves the stability. For a symmetric z: z 
electrolyte with a concentration 𝑐e , for which the ionic strength 𝐼 is equal to 𝑧𝑐e , the 
electrostatic repulsive potential energy between two identical particles is given by
4
 
 Φel = 32𝜋𝑘B𝑇𝑛𝑏𝑑𝑌0




where 𝑛𝑏 is the bulk molecular electrolyte concentration (𝑛𝑏 = 𝑐e𝑁A), 𝜅
−1 is the Debye 
length √𝑅𝑇𝜀0𝜀𝑟 2𝐹2𝐼⁄ , and 𝑌0 is defined as (exp (
|𝑦0|
2
) − 1) (exp (
|𝑦0|
2
) + 1)⁄ , where 𝑁A 
is Avogadro’s number, 𝜀0 is the permittivity of vacuum, 𝜀r is the dielectric constant of the 
medium, 𝑐𝑖 is the bulk concentration of ion 𝑖,  𝑧𝑖 is the charge of ion 𝑖, 𝑅 is the ideal gas 
constant, 𝑇  is the temperature, 𝐹  is Faraday’s constant, and 𝑦0  is the dimensionless 
surface potential 𝐹𝜓0 𝑅𝑇⁄ . As for two non-identical spherical particles i and j, the 
electrostatic repulsive potential energy Φ𝑖𝑗
el is expressed by Eq. (1-4) under the condition 
of constant surface potential according to the Hogg-Healy-Fuerstenau (HHF) equation. 
Φ𝑖𝑗













 ) + ln (1 − 𝑒−2𝜅ℎ𝑖𝑗)] 
where 𝜓𝑖  and 𝜓𝑗 is the surface potentials of particles i and j, ℎ𝑖𝑗 = 𝑟𝑖𝑗 −
1
2
(𝑑𝑖 + 𝑑𝑗) is the 
surface-to-surface separation distance. 
The electrostatic stabilization can be easily achieved by chemical attachment of 
charged groups. However, it is sensitive to the pH or the ionic strength of the dispersion 
media.  The surface charge density and the double-layer repulsive interaction may be 
affected strongly by the pH or the solution ionic strength. Moreover, this method only 
works if the dispersion medium is polar and allows the dissolved electrolyte to dissociate. 
It becomes less effective in non-aqueous media, where due to their low dielectric 
constants there is little ionic dissociation. Nonetheless, it is still the most commonly used 
method for stabilizing colloidal particles in aqueous media due to its simplicity and low 




Overbeek), is widely used to explain qualitative and certain quantitative features of the 
dispersion stability in the cases of electrostatic stabilization. The DLVO potential energy, 
ΦDLVO or Φ𝑖𝑗
DLVO, is the sum of the attractive van der Waals potential energy, ΦvdW or 
Φ𝑖𝑗
vdW, and the repulsive electrostatic double layer potential energy, Φel or Φ𝑖𝑗
el.  




In the steric stabilization mechanism, small molecules such as surfactants or 
polymers, adsorb at the particle surfaces giving rise to non-electrostatic repulsive forces. 
13-15
 This method has several distinct advantages over electrostatic stabilization. First, it 
can be used effectively not only in polar dispersion media but in non-aqueous dispersion 
media. In addition, the strength of the steric interactions is relatively insensitive to the 
presence of electrolytes. Furthermore, it can also be used to stabilize the concentrated 
colloidal dispersions.  
Many other types of interactions can be involved for explaining experimental data 
for agglomeration in many cases.
2
 A general heading of “structural forces” was used 
initially to describe these various interactions. In aqueous dispersions, hydration of ions 
at the particle surfaces usually contributes an extra repulsion mechanism, called 
“hydration effects.” Hydrophobic effects can be also important, since they may yield an 
extra attraction between the particles. If there are polymers adsorbed on the particle 
surfaces, an attractive interaction may be resulted from bridging of these adsorbed 
polymers at close particle separation distances.  
The collective dynamics of the system may yield other interactions, such as depletion 




uncharged hard-sphere particles with low concentrations and uncharged depletants.
16
 As 
the large particles get closer, the separation distance between them decreases. Once the 
surface-to-surface separation distance goes below the depletant diameter, the depletants 
are excluded from the inner region between the particles, resulting in an osmotic pressure 
difference between the bulk dispersion of depletants and the inner region. This osmotic 
pressure difference generates a net attractive force between the large particles. In general, 
the depletants can include small particles, polymers, polyelectrolytes, and micelles.  
The depletion potential (Φdep ) between two uncharged spherical particles with 
uncharged depletants is given by 
16-17
 
 Φdep =  
{
 










) 𝜌∞𝑘B𝑇           0 < ℎ < 𝑎
0                                                              ℎ > 𝑎
  (1-6)  
where 𝜌∞  is the depletant bulk number density. For dispersions of charged colloidal 
particles and with charged depletants (soft spheres), the depletion interactions are found 
to be much stronger than the ones for uncharged systems.
13, 17-21
 Jodar-Reyes et al. 
reported strong depletion interactions between polystyrene microspheres in sodium 
dodecylbenzenesulfonate (NaDBS) and domiphen bromide (DB) micellar solutions.
22
 
Zaccone et al. reported the depletion effects of potassium stearate (KS) micelles on 
styrene-acrylate copolymer particles agglomeration.
23
 Both groups used static light 
scattering for measuring agglomeration rates, and reported Fuchs-Smoluchowski stability 
ratios W. Tardani et al. showed that single-walled carbon nanotubes were destabilized 
when the volume fraction of micellar aggregates (SDS micelles or SDS/TX100 mixed 
micelles) reached a certain threshold.
24




In addition to the thermodynamic interactions, solvent-mediated interactions, or 
hydrodynamic interactions, can also affect the kinetics of agglomeration. In several 
experimental and theoretical approaches, these effects are neglected for simplicity. It is, 
however, important for non-equilibrium dispersions, like a sheared dispersion in which 
the resulting flow profiles affect the microstructure of the particles as well as the 
properties of the dispersion.  
 
1.3 Sedimentation of colloidal particles in dispersions 
In the absence of particle (or droplet) agglomeration (or coalescence), the settling 
velocity (or creaming velocity), 𝑣sed, of particles of diameter 𝑑, or clusters of equivalent 
hydrodynamic diameter 𝑑  in a liquid medium or a continuum phase of viscosity 𝜂  is 




 𝑣sed = 𝑑
2Δ𝜌𝑔/18𝜂 (1-7) 
where Δ𝜌 is the density difference between the particle (or cluster) and the dispersion 
medium and g is the acceleration due to gravity. Mason and Weaver 25-26 reported the first 
treatment to account for the effects of Brownian motion on the sedimentation of colloidal 
particles. To compare the relative importance of Brownian motion and gravitational 
effects, on the basis of this classical model, one can define the gravitational Peclet 
number, 𝑃𝑒g, as the ratio of the sedimentation flux, 𝑣sed𝑐, to the macroscopic diffusion 








where 𝑐 is the particle concentration in the dispersion, 𝐿 is the initial height of the fluid 
dispersion, D  (= 𝑘B𝑇/3𝜋𝑑𝜂)  is the diffusion coefficient from the Stokes-Einstein 
equation, 𝑘B is the Boltzmann constant, and T is the absolute temperature. For 𝑃𝑒g ≤ 1, 
diffusion dominates sedimentation, and the colloidal particles do not settle at all (or at 
least by negligible amounts.) In such cases, the colloidal dispersions remain stable against 
sedimentation indefinitely. For 𝑃𝑒g-values ranging from 1 to 10, the colloidal particles 
might not settle out completely, but reach a “sedimentation-diffusion equilibrium” owing 
to the effects of diffusion. Moreover, in such cases, the diffusion slows down the 
sedimentation process. By contrast, for 𝑃𝑒g ≫ 1, sedimentation dominates the processes 
and diffusion is not important. Furthermore, the settling rates or times predicted form the 
Mason-Weaver theory are the same as the ones calculated from the Stokes law. 
Many groups have studied experimentally and theoretically the sedimentation 
dynamics of colloidal particles and their equilibrium profiles, in the absence of 
agglomeration. The sedimentation-diffusion profile of charged colloidal particles was 
reported to be strongly inflated compared to non-charged colloidal particles due to a 
macroscopic electric field.
28-29
 Royall et al. investigated the non-equilibrium 
sedimentation of sterically stabilized PMMA particles with diameters of 2.8 or 3.5 μm by 
using laser scanning confocal microscopy and presented the first measurements on the 
“single-particle” level of sedimentation in model colloidal dispersions.30 Then, they used 
the same method to track the coordinates of the colloids and obtained the particle density 
profile and pair distribution function to compare with Brownian dynamic simulation 
(BDS) results.
31
 Nusser et al. examined the sedimentation of DLVO-type colloidal 








To prevent the dispersed particles from settling, the colloidal dispersions should have 
relative low values of 𝑃𝑒g, according to the Mason-Weaver theory. To achieve a low 
value of 𝑃𝑒g, one may have to reduce the particle size or the density difference between 
the particle and the dispersion medium. The latter approach can be accomplished by 
using hollow particles, or by attaching a polymer or a surfactant to the particle surfaces. 
Even though these approaches may succeed in slowing down the sedimentation, they still 
may not provide solutions for practical applications. For example, using very small 
particles may yield inks of poor optical quality, or encapsulated drugs with too large of a 
dissolution rate. Moreover, good dispersibility of such small particles is hard to achieve, 
as they tend to stick together in powders, forming hard-to-break agglomerates. Reducing 
the density difference may change the overall color density of the inks or paints products, 
or affect negatively the mechanical strength of particles. Another way for achieving low 




 times, or 
by generating a gel-like material. Such high viscosities may slow down significantly the 
bulk flow of the dispersion, and they are, however, detrimental to many of their 
applications. One of the focuses of the present thesis is on the stabilization mechanism 
against sedimentation of dense (high-density) particles. 
 
1.4 Brownian dynamics simulations of colloidal dispersions 
Colloidal dispersions have been studied widely with various computer simulation 




and Brownian dynamics method (BD). These methods allow one to avoid certain 
complications encountered in experimental investigations while studying several aspects 
of the structure and dynamics of colloidal dispersions. The MC method is easy to 
implement, but only provides predictions of the equilibrium properties of the system. By 
contrast, the MD method is more complex, but allows one to simulate the colloidal 
dispersions at non-equilibrium states. The simulation results from this method are 
presumed to be accurate, since no simplifying assumptions are made in the formulation of 
this method. On the other hand, one can only obtain an “approximate” description of 
more general equations, such as the Langevin equation of motion, from the BD method. 
However, the BD method has advantages over the MD method. It separates the two 
timescales, and is much less time-consuming.  
In colloidal dispersions, the characteristic timescales for the motion of the “solute” 
particles and the “solvent” molecules can differ by several orders of magnitude. For such 
systems, very short time intervals are required for the MD method to accurately describe 
the rapid motion of the solvent molecules. By contrast, the rapid motion of the solvent 
molecules is not explicitly accounted in the BD method. Therefore, the BD method is 
quite useful for studying the structure and dynamics of the colloidal dispersions with 
moderate computational times.  





= 𝑭 − 𝝃 ∙ 𝒗 + 𝑿 (1-9) 
where 𝑚 is the mass of the particle, 𝒗 is its velocity vector, 𝑭 is the sum of all external 




drag on the particle, and in turn the diffusivity tensor 𝑫 = 𝑘B𝑇/𝝃, and 𝑿 is a stochastic 
force term which is designed to mimic the force due to the Brownian fluctuations, or the 
fluctuation force that is felt by the particle and due to the solvent molecules. In these 
simulations, the influence of the solvent molecules on the motion of the colloidal 
particles is represented by the combination of the random and frictional force terms in Eq. 
(1-9).  
The trajectory of the motion of the particle, or its position vector 𝒓 , can be 
determined by integrating the Langevin equation twice, in a form developed by Ermak 
and McCammon.
33
 For an isotropic fluid, a spherical particle, and with no hydrodynamic 
interactions between the particles, the friction tensor 𝝃  is equal to 3𝜋𝑑𝜂𝜹 , and the 
diffusivity tensor 𝑫 is equal to 𝑘B𝑇𝛅/3𝜋𝑑𝜂, where 𝜹 is the identity tensor. Then, the 
trajectory of the particle can be expressed as follows; 
 𝒓(𝑡 + Δ𝑡) = 𝒓(𝑡) +
𝐷
𝑘B𝑇
𝑭Δ𝑡 + 𝑯(Δ𝑡) (1-10) 
where Δ𝑡 is the integration time step, and 𝐷  is the diffusion coefficient of the single 
particle. The second term on the right hand side is the “drift” term, due to the sum of the 
forces acting on the particle. The last term is the contribution of the Brownian 
fluctuations, in which 𝑯  is a random Gaussian-distributed vector, and must satisfy 
various conditions resulting from the fluctuation-dissipation theorem.
34
 This theorem 
provides the relation between the response of the system to an external perturbation and 
the internal fluctuation of the system at thermal equilibrium. Its average value is zero, 
〈𝐻𝛼〉 = 0, and its standard deviation 〈𝐻𝛼
2〉 is 2𝐷Δ𝑡, where 𝛼 represents the x, y, and z 




of magnitude larger than the particle’s momentum relaxation time, 𝑡B , which is also 




  (1-11) 
where 𝜌 is the density of the particle. Moreover, the time step Δ𝑡 should be small enough 
so that the force on a particle can be assumed to be nearly constant during each time step. 
An in-house code was developed for the BD simulations for studying dynamics of 
sedimentation of colloidal particles and the rheological properties of various colloidal 
dispersions.    
 
1.5 Thesis goals 
As discussed earlier, a primary focus of this thesis is on understanding the 
fundamentals of sedimentation kinetics, which is usually coupled with Brownian motion 
(or particle diffusion) and with particle agglomeration. This is an old problem with 
widespread applications. We have chosen aqueous suspensions of polydisperse titania 
particles with relevance to white inks, and aqueous suspensions of monodispese silica 
particles as models systems for fundamental studies. The stability of these suspensions 
against sedimentation and agglomeration is examined. Another focus area is on the novel 
use of close-packed vesicular dispersions for stabilizing dense colloidal particles against 
sedimentation, which can occur even without agglomeration, as shown in this thesis and 
as published.
27
 A cationic double-chain surfactant, DDAB, is chosen to prepare the 





1. Study the effect of Brownian motion on the sedimentation kinetics of colloidal 
particles in the absence of particle agglomeration by using the Stokes law and the 
classical Mason-Weaver equation for monodisperse spherical suspensions. Develop 
a more rigorous model for polydisperse systems based on the classical model to 
examine how polydispersity affects the net (or observed) sedimentation times in the 
dilute dispersions limit. The classic model and a modified model for polydisperse 
systems are examined in Chapter 2.  
 
2. Understand electrostatic stabilization and steric stabilization against particle 
agglomeration by using an anionic surfactant, SDS, and a nonionic surfactant, 
Triton X-100, adsorbing on the surfaces of titania particles. Determine the 
adsorption density of each surfactant on the particles and examine their effects on 
improving the stability against agglomeration, and further against sedimentation. 
Moreover, investigate the depletion effects induced by high micelle concentration 
on the destabilization process. The work on SDS is shown in Chapter 3.  The results 
for Triton X-100 are presented in Chapter 5. 
 
3. Develop a simple approach to account for the effects of agglomeration on the 
sedimentation dynamics of colloidal dispersions and to estimate the net (or 
observed) sedimentation times, the cluster sizes, and the densities of the clusters. 
Evaluate the accuracy of the models by comparing their predictions to the 
experimental results of polydisperse titania suspensions and monodisperse silica 




comparisons between the models’ predictions and the results for the monodisperse 
silica suspensions. The models are also used to describe and elucidate some data in 
the SDS results in Chapter 3 and in the Triton X-100 results in Chapter 5.  
4. Propose a novel use of close-packed vesicular dispersions for stabilizing high-
density particles against sedimentation. A double chain cationic surfactant,  
didodecyldimethylammonium bromide (DDAB), is used to prepare the aqueous 
vesicular dispersions. Evaluate the hypothesis of vesicular stabilization by 
examining the improved stability against sedimentation, the microstructures of the 
vesicles and of the particles in the vesicular dispersions, the rheology of the 
vesicular dispersion, and the mobility of the vesicles. Furthermore, develop the first 
set of Brownian dynamics simulations for describing and understanding the key 
factors of this stabilization mechanism, and providing additive effects (i.e. effects 
of the sizes of the vesicles) not fully covered by available data. The experimental 
results on this subject are shown in Chapter 6 and the work on the Brownian 






2. MODELING OF SEDIMENTATION COUPLED WITH DIFFUSION OF 
SPHERICAL PARTICLES 
2.1 Abstract 
The Stokes law predicts the settling velocity of small spherical particles, while the 
classical Mason-Weaver equation describes the sedimentation and diffusion of solute 
spherical particles in the absence of agglomeration. Steady-state concentrations and the 
time evolution of the particle concentrations were obtained by solving the Mason-Weaver 
equation. The relative strength of the gravitational forces and the diffusion forces is given 
by the gravitational Peclet number 𝑃𝑒g, Eq. (1-8). For 𝑃𝑒g ≪ 0.2, diffusion dominates 
sedimentation. For 0.2 < 𝑃𝑒g < 15, both sedimentation and diffusion are important. For 
𝑃𝑒g ≫ 15, sedimentation dominates diffusion. A new criterion of a “colloidal particle” is 
presented and compared to the traditional definition of “colloidal” particles. By our 
definition, which is based on the gravitational Peclet number, whether a particle is 
“colloidal” or not depends not only on its particle size, but also strongly on several other 
parameters, including the sample height 𝐿, the density difference between the particles 
and the suspension medium 𝛥𝜌 , the absolute temperature 𝑇 , and the gravitational 
acceleration 𝑔 as well. For one example, dense particles with Δ𝜌 = 3.2 g/cm3  should 




indefinitely. Two characteristic times are defined: (1) the time 𝑡ss for the particles in the 
suspension to settle completely to the bottom of the container, or to a maximum 
physically possible extent, or to reach the steady state, and (2) the half-time of 
sedimentation 𝑡s for particles to settle completely, or essentially 99%, to the bottom half 
of the suspension. Both times depend strongly on the 𝑃𝑒g -values. We have also 
developed a model to predict the half-time of sedimentation for polydisperse suspensions. 
In the model, a discrete size distribution, an approximation to a continuous Gaussian 
distribution, and their corresponding weight fractions are used for describing the 
polydispersity. The 𝑡s-values are found to be highly affected by the polydispersity, and 
mainly controlled by the smaller particles.    
 
2.2 Stokes law and Mason-Weaver equation 
This chapter is based on the results published in Yang et al. (2015), and is 
reproduced in part with permission from the Elsevier. 
For a suspension with monodisperse spherical particles, in the absence of particle 
agglomeration, the settling velocity 𝑣sed  of particles in the dilute limit region can be 




 𝑣sed = 𝑑
2Δ𝜌𝑔/18𝜂 (1-7) 
All particles will settle at the bottom of the container at sufficiently long times, since the 
effect of particle diffusion is ignored. The maximum particle concentration for close-
packing of the layer at the bottom is assumed not to be reached, or is not considered. By 




dimensional differential control volume yields the unsteady state sedimentation–diffusion 
Mason-Weaver equation. For a spherical particle, the diffusion coefficient, 𝐷, is given by 
the Stokes-Einstein equation,  𝐷 = 𝑘B𝑇/3𝜋𝑑𝜂. Then the Mason-Weaver equation for the 















  (2-1) 
for 0 ≤ 𝑥 ≤ 𝐿 and 𝑡 > 0 . Since the particles cannot penetrate the boundaries of the 
control volume, the boundary conditions at the top and bottom of the container are zero 
net flux, or that the net sedimentation flux equals to the diffusion flux, or −𝑣sed𝑐 −
𝐷 𝜕𝑐 𝜕𝑥⁄ = 0 at 𝑥 = 0 (at the bottom of the container) and at 𝑥 = 𝐿  (at the top.) The 
initial condition is a uniform concentration of 𝑐 = 𝑐0  for 0 ≤ 𝑥 ≤ 𝐿 at 𝑡 = 0 . For 
convenience, the dimensionless concentration 𝐶 , the dimensionless length 𝜉 , the 
dimensionless time 𝜃, and the gravitational Peclet number, 𝑃𝑒g, are defined as follows.   
 𝐶 ≡ 𝑐 𝑐0⁄  0 ≤ 𝐶 ≤ 1  (2-2) 
 𝜉 ≡ 𝑥 𝐿⁄  0 ≤ 𝜉 ≤ 1  (2-3) 




= 𝜋𝑑3∆𝜌𝑔𝐿 6𝑘B𝑇⁄  (1-8) 
Then the dimensionless Mason-Weaver equation, and the dimensionless boundary and 






















 (0, 𝜉)  = 1  (2-8) 
The gravitational Peclet number is proportional to ∆𝜌, 𝐿, and 𝑑3, and it is interpreted 
as the ratio of the sedimentation rate, or flux, to the diffusion rate, or flux.  Equivalently, 
it is the ratio of the diffusion time, 𝑡diff , to the sedimentation time, 𝑡sed, or the ratio of the 
gravitational potential energy to the thermal energy of the particle, where   
 𝑡diff  ≡ 𝐿
2 𝐷⁄   (2-9) 
 𝑡sed ≡ 18𝜂𝐿 𝑑
2∆𝜌𝑔⁄   (2-10)  
Some values of 𝑃𝑒g are shown in Figure 2.1 for suspensions with particles of 𝑑 = 0.1 
to 400 nm and ∆𝜌 = 1, 2, and 3.2 g/cm3 at 𝑇 = 300 K and 𝐿 = 0.01 m.  
 
 
Figure 2.1 The gravitational Peclet number 𝑃𝑒g for suspensions with particles of 𝑑 = 0.1 
to 400 nm and various values of Δ𝜌, as indicated, at 𝐿 = 0.01 m, and 𝑇 = 300 K. 
 
As the gravitational Peclet number increases, the relative importance of sedimentation 
increases. For example, for 𝑃𝑒g = 876, when 𝑑 = 280 nm, ∆𝜌 = 3.2 g/cm
3
 , 𝐿 = 0.01 m, 




(2.5) to (2.8) have an analytical solution, 𝐶(𝜉, 𝜃) , in the form of an infinite series 
obtained by using either a Laplace transform or the Sturm-Liouville theory; see Appendix 
A for the analytical series solution.
35-36
 For 𝑃𝑒g > 100, the series solution was found to 
exhibit poor convergence at short times. For this reason, the equation was solved 
numerically with a finite-difference-type method.   
 
2.3 Particle concentration profile at steady state 
At steady state, the dimensionless concentration profile from Eqs. (2-5) to (2-8) is 
found to be 
 𝐶(𝜉) = 𝑃𝑒g(e
−𝑃𝑒g𝜉)/(1 − e−𝑃𝑒g) (2-11)  
Sample calculations are shown in Figure 2.2. For 𝑃𝑒g = 0.01, the dimensionless 
concentration 𝐶  is everywhere close to 1; gravity has little or no effect on the 
concentration profile. If the particles do not coagulate to result in a higher value of 𝑃𝑒g, 
they should remain suspended indefinitely. For 𝑃𝑒g = 1 or 3, the concentrations at the top 
(𝜉 = 1) are 0.58 or 0.16; at the bottom (𝜉 = 0), they are 1.6 or 3.2. For such 𝑃𝑒g-values, 
the profiles are affected by diffusion. When 𝑃𝑒g ≥ 5, e
−𝑃𝑒g ≪ 1 and 𝐶(𝜉 = 0) ≅ 𝑃𝑒g. In 
such cases, the particle concentration at the top drops to almost zero, indicating that most 
particles would sediment to the lower-half of the suspension when the steady state is 
reached. For 𝑃𝑒g ≥ 20, the concentration at the bottom may become quite high, 
depending on the initial volume fraction, and may exceed the “loose-packed” or “close-










Figure 2.2 Dimensionless particle concentration profiles at steady state with various 
gravitational Peclet numbers 𝑃𝑒g, as indicated. 
 
The traditional definition of “colloidal particles” refers to particles with diameter 
between 1 nm and 1000 nm.  In this region, the particles are presumed that they tend to 
be dispersed indefinitely, since their mobility owing to their Brownian motion can 
overcome the gravitational force. However, if particles, such as titania, have high 
densities, their Brownian mobility is not enough to prevent them from settling in a low-




follows. The colloidal suspension is one with a concentration profile at steady state 
deviating at most 1% from the initial uniform concentration. The values of 𝑃𝑒g for such 
suspensions are smaller than 0.02. The maximum size of colloidal particles (𝑑max) is then 
defined at 𝑃𝑒g ≤  0.02, and depends on the height of the suspension, 𝐿 , the density 
difference between the particles and the suspension medium, Δ𝜌, the temperature, T, and 
the gravitational acceleration, g, as well. For example, for Δ𝜌 = 3.2 g/cm3, 0.5 g/cm3, and 
0.05 g/cm
3
, and for 𝐿 =0.01 m, the values of 𝑑max are 8 nm, 15 nm, and 32 nm. The sizes 
of colloidal particles from our new definition can be quite different from those with the 
traditional definition.  This new definition allows one to predict the sizes of the particles 
which can remain suspended indefinitely.  
 
2.4 Time evolution of particle concentration and the time to reach steady state 
The dimensionless Mason-Weaver equation was solved numerically with an in-house 
code, and the concentration profiles at various times were obtained. The root mean square 
of the difference between the steady state and the unsteady state concentration at various 
times was also calculated, for determining how far the concentration is from its steady 
state values. Here, for simplicity, we determine that the steady state is reached when the 
root mean square, or “precision,” is 5%. The time evolution of the concentration profiles 
for 𝑃𝑒g = 1 and 𝑃𝑒g = 100 is shown in Figure 2.3. For 𝑃𝑒g = 1, at 𝜃 =  0.04, the 
concentration deviates from 1.0, which is the initial concentration, and decreases to about 
0.8 at the top (𝜉 = 1), while increasing to about 1.2 at the bottom (𝜉 = 0). At longer 




reaches a steady state at 𝜃 = 0.17. For 𝑃𝑒g = 100, the concentration profile reaches a 







Figure 2.3 Time evolution of the dimensionless concentration profile for (a) 𝑃𝑒g = 1 and 
(b) 𝑃𝑒g = 100. 
 
The time for the system to reach steady state, 𝜃ss or 𝑡ss, is calculated for various 𝑃𝑒g-
values. For better illustrating whether the process to reach steady state is dominated by 




calculated with either tdiff  or tsed  used as the reference time: 𝜃ss1 ≡ 𝑡ss/𝑡diff  and 
𝜃ss2 ≡ 𝑡ss/𝑡sed; 𝜃ss1 is defined, as mentioned earlier, as the time when the precision is 
5%; 𝜃ss2 is then calculated from 𝜃ss1 by replacing 𝑡diff with 𝑡sed as the reference time. 
For 𝑃𝑒g << 1, where diffusion dominates sedimentation, the particles should move little 
around their original positions, and remain suspended. The final concentration profile is 
about the same as the one at the initial state; both 𝜃ss1 and 𝜃ss2 are close to 0; see Figure 
2.4(a). For 0.2 < 𝑃𝑒g < 5, even though diffusion is more important than sedimentation, 
the gravity still has some effect. Thus, the final concentrations differ from the initial ones, 
and the particles do settle out a little but never completely. For 𝑃𝑒g > 5, 𝜃ss2 is larger 
than 1; diffusion slows down sedimentation. With increasing 𝑃𝑒g over 15, 𝜃ss2 gradually 
approaches 1, while 𝜃ss1  approaches a limit of zero; hence, the importance of 
sedimentation increases. For 𝑃𝑒g >> 15, sedimentation dominates the process, and 
diffusion has an insignificant effect. From Figure 2.4(a), one can estimate the value of 𝑡ss 
for given values of 𝑑, ∆𝜌, 𝑇, and 𝐿. Sample calculations of 𝑡ss for 𝑇 = 300 K and 𝐿 = 
0.05 m are shown in Figure 2.4(b). For 𝑑 < 10 nm and ∆𝜌 =0.5, 1.0, and 3.2 g/cm3, the 
suspensions have the same concentration profiles at steady state as at the initial state, 
indicating that the particles will remain suspended indefinitely. The gravity effect is 
counterbalanced by particle diffusion. With increasing particle size, the time to reach 
steady state first increases and then drops when d gets to be larger than a threshold of 
around 50, 40, and 30 nm for Δ𝜌 = 0.5, 1.0, and 3.2 g/cm3. The non-zero 𝑡ss-values 
suggest that the particles would settle. These settling particles yield a different 




extent of the increase in 𝑡ss-values shows the extent of deviation of the steady-state 
concentration profile from the initial one. The drop of 𝑡ss-values, for particle size above 







Figure 2.4 (a) Dimensionless times for the system to reach steady state, where 𝑡ss  is 
normalized with the diffusion time (𝑡diff), 𝜃ss1 = 𝑡ss 𝑡diff⁄ , or with the sedimentation time 
(𝑡sed), 𝜃ss2 = 𝑡ss 𝑡sed⁄ , as a function of the gravitational Peclet number 𝑃𝑒g. (b) Times 
for reaching steady state as a function of the particle diameter at 𝑇 = 300 K and 𝐿 = 0.05 




2.5 Half-time of sedimentation for monodisperse particles 
In addition to the time to reach steady state, one may be more interested in another 
characteristic time which can be measured experimentally. Here, we define a half-time of 
sedimentation, which is basically the time for nearly all the particles, or essentially 99% 
of them, to settle below the half height of the suspension. In the modeling, the 
dimensionless half-time of sedimentation, 𝜃s ≡ 𝑡s/𝑡diff, is defined as the time at which 
the amount of the particles remaining in the top half of the suspension (0.5 ≤ 𝜉 ≤ 1) is 
less than 1% of the total, or 2% of the particles which were initially in the top half.  
Integrating 𝐶(𝜉, 𝜃) over 𝜉, we obtain the amount of the particles in the top half.  For 
𝑃𝑒g <  9.2, no solution for 𝜃s  exists; the particles never settle out completely to the 
bottom half. The dependence of 𝜃s on the gravitational Peclet number for 𝑃𝑒g > 9.2 is 
shown in Figure 2.5(a). Certain sample calculations of  𝑡s vs 𝑑 are shown in Figure 2.5(b). 
For 𝑑 = 100 nm, Δ𝜌 = 3.2 g/cm3, 𝐿 = 0.01 m, and 𝑇 = 300 K, the value of 𝑡s is 71 h 
from the Stokes law, and 104 h from the Mason-Weaver equation, indicating in this case 
diffusion slows down sedimentation. As d increases, diffusion becomes less important. 
For 𝑑 > 200 nm, or 𝑃𝑒g > 319, sedimentation dominates diffusion, and the predictions of 










Figure 2.5 (a) Dimensionless half-times of sedimentation (𝜃s) as a function of the Peclet 
number.  (b) Half-times of sedimentation estimated from the Stokes law (sedimentation 
only) or from the Mason-Weaver equation (sedimentation coupled with diffusion), as a 
function of the diameter of the particles with Δ𝜌 = 3.2 g/cm3 for 𝐿 = 0.01 m and 𝑇 = 300 
K. 
 
2.6 Half-time of sedimentation for polydisperse suspensions 
In a polydisperse suspension, the larger particles sediment faster than those with an 




controlled by the smaller particles. Therefore, polydispersity increases the half-time of 
sedimentation. We modified the classic Mason-Weaver equation for polydisperse 
suspensions to predict their half-times of sedimentation. Particle sizes are assumed to be 
normally distributed, with an average diameter of ?̅? and a standard deviation of Δ𝑑, the 
95% confidence interval of the particle size is from ?̅?  − 2Δ𝑑 to ?̅? + 2Δ𝑑. Thus, five 
discrete sizes with the corresponding weight fraction 𝑤p are chosen as an approximation 
to a continuous Gaussian distribution:  (1) ?̅?  − 2Δ𝑑 or 𝑑min with 𝑤p = 0.05, (2) ?̅? – Δ𝑑 
with 𝑤p = 0.245, (3) ?̅?  with 𝑤p = 0.41, (4) ?̅? + Δ𝑑  with 𝑤p = 0.245, and (5) ?̅? + 2Δ𝑑 
with 𝑤p = 0.05, and the diameter of the particles is denoted as 𝑑 = ?̅? + 2Δ𝑑 . We 
calculated each concentration profile separately from the Mason-Weaver equation. The 
overall concentration profile was then obtained by the superposition of the individual 
profiles, on the assumption that sedimentation of each weight fraction of each particle 
size is independent of the sedimentation of the other fractions. The time evolution of the 
total concentration profile was used to predict the half-time of sedimentation as 
mentioned earlier in Section 2.5.   
Sample calculations were done for 1 wt% particles with Δ𝜌 = 3.2 g/cm3 at 𝑇 = 300 
K and 𝐿 = 0.01 m with various values of 𝑑min and ?̅?; see Figure 2.6. For 𝑑min = 100 nm, 
the half-time of sedimentation for the monodisperse case is 107 h. As ?̅?  increases, 𝑡s 
decreases and reaches a constant value of 43 h. For 𝑑 = 125 ± 25 nm, 𝑡s = 67 h, which is 
affected by the particles with diameters of 100 nm and of 112.5 nm. For 𝑑 =150 ± 50 nm, 
𝑡s is equal to 67 h, and is controlled by the particles with diameters of 100 nm and of 125 




is only controlled by the smallest, 100 nm, particles, and 𝑡s approaches a fixed value. 
Similar trends are found for other size distributions with different sizes of the smallest 
particles. When the size distribution is narrower, the half-times are influenced not only by 
the smallest particles but by the next smaller size. By contrast, for a wide size-distribution 
suspension, the smallest particles may exclusively determine the half-times.  
 
 
Figure 2.6 Half-times of sedimentation of titania suspension in water for 𝐿 = 0.01 m and 
𝑇 = 300 K for monodisperse system (■) or polydisperse system (□), with a minimum 
particle size, 𝑑min  ranging from 100 nm to 300 nm, and an average particle size, ?̅? 
ranging from 100 to 400 nm. 
 
2.7 Conclusions 
The classic Mason-Weaver equation is solved numerically with a uniform initial 
concentration profile and compared to the Stokes law to analyze the general 
sedimentation behavior with or without the effect of the Brownian motion in the absence 




importance of the gravitational effect and of the Brownian motion, or the particle 
diffusion, for a suspension. We proposed a new general definition for the truly “colloidal” 
suspensions, in which, based on the steady state concentration profile from the Mason-
Weaver equation, the “colloidal” particles can remain suspended indefinitely. Then, the 
particle concentration profile at steady state deviates by at most 1%  from the initial 
concentration profile. For achieving this condition, such suspensions should have a very 
small gravitational Peclet number, 𝑃𝑒g, practically below 0.02. The maximum diameter 
of 𝑑max of the colloidal particles, depends then on the height of the suspension 𝐿, the 
density difference Δ𝜌 between the particles and the suspension medium, the temperature 
𝑇, and the gravitational acceleration 𝑔. For one example, for particles with Δ𝜌 = 3.2 
g/cm
3
 at 𝐿 = 0.01 m and 𝑇 = 300 K, the particles should have diameters below 8 nm to 
be truly “colloidal”.        
For a monodisperse suspension, the dimensionless time 𝜃ss ≡ 𝑡ss/𝑡diff for reaching 
steady state is predicted from the time evolution of the concentration profiles obtained 
from the Mason-Weaver equation. A general plot of 𝜃ss vs 𝑃𝑒g is presented in Section 
2.4. For 𝑃𝑒g ≪ 1, the time for achieving steady state is close to zero, suggesting that the 
Brownian motion counterbalances the gravitational effect, and the steady-state profile is 
the same as the initial one. For 0.2 < 𝑃𝑒g < 5, both sedimentation and diffusion are 
important, and the particles settle out little, but not completely, even at long times. For 
𝑃𝑒g >5, sedimentation becomes more important while there is still effect of diffusion, 
which slows down the sedimentation. For 𝑃𝑒g ≫  15, sedimentation dominates the 




and 𝑔 and by using the general plot of 𝜃ss vs 𝑃𝑒g, one can predict easily the steady state 
time.  
A convenient timescale, which can be easily computed for comparing with 
experimental data, is defined as the time for nearly all the particles to settle below the 
half-height of the suspension. This half-time of sedimentation is denoted as 𝜃s ≡ 𝑡s/𝑡diff. 
For a monodisperse suspension, 𝜃s is infinite for 𝑃𝑒g < 9.2, since more than 1% of the 
total particles would remain suspended above the half-height. For 𝑃𝑒g > 9.2, the 𝜃s -
values decrease with increasing 𝑃𝑒g, as expected, since the gravity effect is stronger at 
higher Peg-values, yielding faster sedimentation. For an example for particles with 𝑑 > 
200 nm and Δ𝜌 = 3.2 g/cm3 at 𝑇 = 300 K, 𝐿 = 0.01 m, and 𝑔 = 9.8 m/s2, the Brownian 
motion has no effect on the sedimentation rate, and the prediction from the Mason-
Weaver equation is in accord with the one from the Stokes law. By contrast, for the same 
type of particles at the same conditions but with a smaller particle diameter, below 
200 nm , the Brownian motion results in slower sedimentation.  Predictions for 
polydisperse suspensions have also been obtained for several discrete size distributions. 
The polydispersity of the particles has a strong effect on the half-time of the 




3. EFFECT OF SODIUM DODECYLSULFATE MONOMERS AND MICELLES 
ON THE STABILITY OF AQUEOUS SUSPENSIONS OF TITANIA 
PIGMENT NANOPARTICLES AGAINST AGGLOMERATION AND 
SEDIMENTATION 
3.1 Abstract 
The stability against sedimentation of suspensions of commercial titania (TiO2) 
particles (TR52 from Huntsman) in water or in 100 mM aqueous NaCl solution with 
sodium dodecylsulfate (SDS) concentrations (𝑐SDS) of 0 mM, or 0.1-100 mM was studied. 
The effective hydrodynamic diameter of the primary particles was 280±100 nm. Such 
particles are quite susceptible to settling in water owing to their large density (4.1 g/cm
3
). 
The sedimentation half time, 𝑡s, for most of the particles to sediment by 0.5 cm was 
determined. The 𝑡s-values at 25 ℃ ranged from about 1 h, when there was substantial 
agglomeration to yield larger particles, to 45 h, when no agglomeration occurred. 
Increasing SDS concentration up to the cmc results in increasing surfactant adsorption at 
the particle surface, and thus to a more negative surface potential. The average adsorbed 
surfactant layer thickness is up to 3.4 nm, indicating a bilayer structure. Particle 
agglomeration is impeded by the adsorbed surfactant, and this surfactant layer causes the 
particles to be quite stable against coagulation for 𝑐SDS = 0.1 mM to over 200 mM. These 




Weaver equation (see Section 2.6). At SDS concentrations close to or above the cmc, up 
to 60 mM in water or 115 mM in 100 mM NaCl, the nanoparticles sediment most slowly 
without any agglomeration. At higher micellar concentration, depletion forces induced by 
the SDS micelles are strong, causing fast flocculation, without coagulation. Then, 
sedimentation occurs much faster. This phenomenon can be explained quantitatively by 
depletion effects caused by the charged micelles with an effective micelle depletant 
diameter including about 4 Debye lengths of the charged micelles or particles. A model 
of agglomeration of particles to dimers, tetramers, octamers, and higher agglomerates is 
used to estimate the agglomeration times and the measured (or net) sedimentation times. 
The model can account approximately for the reduced sedimentation times when the rates 
of coagulation are fast at SDS concentration below cmc, or when the rates of flocculation 
are fast at SDS concentration above 60 mM in water or 115 mM in 100 mM NaCl.  
 
3.2 Introduction 
This chapter is based on the results published in Yang et al. (2015), and is 
reproduced in part with permission from the Elsevier. 
Titania (TiO2) particles are widely used as a white pigment in the ink industry 
providing ink layers with good whiteness and opacity (hiding power) because of their 
high refractive index, 2.7. Over four million tons of titania are used as paint or ink 
pigments worldwide, with annual sales of $16 billion.37 Suspensions of such high density 
(4.2 g/cm
3
) particles are quite susceptible to settling. In one example, titania particles 
with diameters of 300 nm are predicted to sediment by 1 cm within 15 hours in water if 




detrimental for potential ink applications, since effective inks should remain stable for 
weeks with no stirring needed. Although reducing the particle size may alleviate this 
problem, inks of smaller particles can have inferior optical properties, such as color 
strength, opacity, and transparency.
38
 Increasing the ink suspension viscosity might help 
slow down the sedimentation rate, but may result in worse inkjet performance.  Particle 
agglomeration can increase the sedimentation rate and affect the performance of the print 
heads because of channel or nozzle clogging.
39
 Producing suspensions that are stable 
against both agglomeration and sedimentation with particle sizes from 100 to 500 nm is 
crucial for formulating good quality white inks.
40-41
 
Most of the literature studies have focused on ways to stabilize titania particles 
against agglomeration by using surfactants or polymers as dispersants.
42-52
 When a 
dispersant adsorbs on the particles surface, it affects the electrostatic interactions and 
often introduces additional long-range steric interactions. The DLVO (Derjaguin, Landau, 
Verwey, and Overbeek) theory and the Fuchs-Smoluchowski model are widely used to 
predict the stability of an aqueous suspension of charged particles.
53
 Few studies have 
addressed the particle settling behavior. Liu et al. investigated the effects of the pH and 
the ionic strength on the agglomerate size, zeta potential, and sedimentation rate.
52
 They 
showed that different compositions can result in different agglomeration and 
sedimentation behavior. Other authors have shown that particle crystallinity and 
morphology have no effect on the dispersion stability. The particle chemical composition 
was found to affect the stability by influencing the particle surface charges.
54
 
This chapter aims to elucidate the key factors which affect the stability of titania 




particles are dispersed in water or in 100 mM NaCl, for examining the effect of the ionic 
strength. The major focus is the effect of the concentration of a typical anionic surfactant 
dispersant, sodium dodecylsulfate (SDS), both below and above the cmc (critical micelle 
concentration). The effects of the solution viscosity and the particle concentration on the 
sedimentation rate are also investigated.   
In Section 3.4, the sedimentation stability is found to increase with SDS 
concentration, 𝑐SDS, up to the cmc, as expected. For cmc < 𝑐SDS < 𝑐
∗, in which 𝑐∗ is an 
experimentally determined concentration, the stability is unaffected by the additional 
concentration of the SDS micelles. For 𝑐SDS > 𝑐
∗  and below the SDS solubility, the 
suspension stability against sedimentation becomes worse, varying strongly with an 
increase in SDS concentration. This observation is due to strong attractive depletion 
interactions caused by a sufficiently high concentration of the SDS micelles. The 
agglomeration behavior is probed with dynamic light scattering (DLS). The particle zeta 
potentials and the surface densities of adsorbed SDS are determined for assessing the 
effect of the electrostatic and steric interactions.  
In Section 3.5, the modified model of Mason-Weaver presented in Section 2.6 is 
used for estimating the sedimentation rates for spherical particles in the dilute suspension 
regime. In Section 3.6, we provide the predicted DLVO potentials and Fuchs-
Smoluchowski stability ratios for aqueous suspensions of titania particles. Then we add 
to the DLVO potential the depletion interactions of charged micelles and charged 
particles, to provide a semi-quantitative discription of the observed flocculation. In 
Section 3.7, we present a new model to predict the sedimentation rates coupled with fast 




3.3  Experimental details 
3.3.1 Materials and characterization 
Titania (rutile) powders (TR52) were obtained from Huntsman and used as received. 
The titania weight fraction is 0.949.  The remainder consists of a surface layer of Al2O3 
and some organic material. The refractive index is 2.7, and the density is 4.1 g/cm
3
. Their 
nominal particle diameter is 260 nm. 
The dry particles were characterized by scanning electron microscopy with a Sirion 
XL-30 field emission gun-scanning electron microscope (FEG–SEM), coupled with a 
focused ion beam (FEI). The experiments were done by Dr. J. Dong at the HP Innovation 
Labs at Palo Alto, CA. The acceleration voltage was 15 kV, and the photomicrographs 
were taken under magnification of 1500X. From the SEM image (see Figure 3.1), we 
infer that the titania particles are nonspherical but globular. They have flat edges and 
appear to be single-crystalline. Their projected dimensions are quite polydisperse, 
ranging from ca 180 to 380 nm. Their average equivalent diameter is about 𝑑TiO2 =
 280±100 nm. There are also a few smaller particles with diameter smaller than 50 nm. 
The weight fraction of the organic impurities was estimated from thermogravimetric 
analysis to be about 0.035.  The weight fraction of the inorganic impurities was estimated 
by difference to be about 0.016 (see Appendix B). The specific surface area was 
determined, with the Brunauer-Emmett-Teller method of thermal desorption of nitrogen, 
to be 12.2 m
2
/g.  This value is in fair agreement with the manufacturer-provided value of 
11 m
2
/g. X-ray photoelectron spectra indicated the presence of Ti, O, Al, N, C, and F in 






Figure 3.1 SEM image of TR52 titania particles. 
 
When the particles were equilibrated with water at 1 wt%, some ionic impurities 
leaked out, increasing the water conductivity from 3 to 42 μS ∙ cm−1. These impurities, 
which could be electrolytes or other ionic surface active compounds, were not identified. 
It is assumed that they are not important in the particle suspension stability, except at the 
lowest concentrations of SDS. If the conductivity were due to NaCl, it would correspond 
to a concentration of 0.3 mM. Moreover, the isoelectric point (IEP) was found to be 8.2, 
with a fixed ionic strength of 5 mM controlled by adding solutions of HCl, NaOH, and 
NaCl. 
Ultrapure water was obtained from a Milli-Q water system (from Millipore), which 
used distilled water as input. Sodium dodecylsulfate (SDS, CH3(CH2)11OSO3Na), an 
anionic surfactant, was purchased from BDH Chemical Ltd. as a powder. Sodium 
chloride was purchased from Sigma-Aldrich. The following chemicals for SDS analysis 
with the two-phase titration method were used as received.
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 Hyamine 1622 




Sulfuric acid, 98% (H2SO4), and chloroform were purchased from Sigma-Aldrich and 
Mallinckrodt, respectively. A stock solution of dimidium bromide-disulfine blue 
indicator was purchased from EMD Millipore Corp. 
 
3.3.2 Method for preparing aqueous suspensions 
The suspension media were water, or 100 mM NaCl, or SDS aqueous solutions 
(from 0.1 to 150 mM), or SDS aqueous solutions (from 0.1 to 200 mM) with 100 mM 
NaCl.  Suspensions were prepared with a weight fraction of titania particles, 𝑤TiO2  =
 0.01 (1 wt%) (volume fraction 𝜙TiO2 = 0.0025) by adding the pigment particles into the 
suspension medium. Each suspension was first shaken by hand, then stirred magnetically 
for 30 min, and then sonicated for 3 h in a Branson 3510 sonication bath at a frequency 
of 40 kHz. All the samples were prepared at room temperature, which was 25±2 ℃. 
 
3.3.3 Apparatus and analysis procedures 
3.3.3.1 Visual observations of stability against sedimentation 
The stability against sedimentation was monitored visually by measuring the height 
ℎ(𝑡) of the moving front of a nearly-clear supernatant top layer against a lower white 
suspension, as the particle sedimented. For a standard sample initial height of 1 cm, the 





3.3.3.2 Viscosity measurements 
The viscosities of several suspension media were measured with a standard Cannon-
Fenske viscometer (no. 25), which is suitable for values of 0.5 to 2 cP. The solutions 
were assumed to behave as Newtonian fluids. The Reynolds numbers were around 100, 
indicating that the flows were laminar.   
 
3.3.3.3 Dynamic light scattering (DLS) and zeta potential measurements 
The average hydrodynamic diameter, 𝑑h, of the particles was measured at 25 ℃, at a 
wavelength of 659 nm and a scattering angle of 90°  with a Brookhaven ZetaPALS 
dynamic light scattering instrument, which has a BI-9000 AT digital autocorrelator. The 
suspension was first homogenized gently by hand, and then diluted with its respective 
suspension medium or with water to a weight fraction of 5×10-6 (0.0005 wt%). The 
dilution was needed to avoid excessive light scattering. The zeta potential, 𝜁 , of the 
titania particles were measured with the same instrument, operation conditions and 
preparation method. The zeta potentials of SDS micelles were also measured.  
 
3.3.3.4 Surfactant adsorption studies 
The adsorbed densities of SDS on the surfaces of the titania particles at 25 ℃ were 
determined as follows. After equilibrating the particles with an SDS solution for at least 2 
h, each suspension was centrifuged at around 18,000  g0  with a Beckman Coulter 
Microcentrifuge until there were only a few particles left in the supernatant, as confirmed 
visually and with DLS, where g0 is normal gravity constant (9.8 m/s
2
). The final SDS 




(water-chloroform) titration method (TPT) by using a 0.5 mM Hyamine 1622 solution.
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An acidic indicator (4 vol% indicator stock solution, 4 vol% of 2.5 mM H2SO4, and 92 
vol% H2O) was used. Surface densities were measured only up to 𝑐SDS = 8 mM ≅ cmc, 
because of the decreasing sensitivity of the method at higher concentrations. 
 
3.4  Experimental results and discussion 
3.4.1 Effect of SDS concentration on half-times of sedimentation 
The sedimentation half-times, 𝑡s , were measured for the suspensions with 1 wt% 
titania particles as a function of SDS concentration, in water or in 100 mM NaCl solution; 
see Figure 3.2. Three regions were identified in both media. In region 1 (R1), for 
𝑐SDS < cmc, the half-time increases with increasing SDS concentration from 1 h to 45 h.  
In this region, the surfactant plays a major role in slowing down the sedimentation, 
probably by stabilizing the particles against agglomeration, which in turn affects the 
sedimentation rate; see Section 3.7. This effect is more pronounced at the higher 
concentrations. In region 2 (R2), for cmc < 𝑐SDS < 𝑐
∗, where 𝑐∗ was found to be about 
60 mM in water and 115 mM in 100 mM NaCl solution, the value of 𝑡s is nearly constant 
at 45  ± 2 h. In this region, the presence of the SDS micelles had no effect on the 
sedimentation rate. In region 3 (R3), for 𝑐SDS > 𝑐
∗, the half-time of sedimentation drops 
dramatically to 1 h, and remains essentially constant as SDS concentration increases 
further. Thus the larger concentrations of micelles cause fast sedimentation, probably by 











Figure 3.2 Effect of SDS concentration on half-time of sedimentation: (a) in pure water: 
region 1 (R1), 0 to 8.2 mM; region 2 (R2), 8.2 to 60 mM; region 3 (R3), above 60 mM;  
(b) in 100 mM NaCl solution: region 1, 0 to 1.7 mM; region 2, 1.7 to 115 mM; region 3, 
above 115 mM. 
3.4.2 Viscosity measurements 
The viscosity of the SDS solutions increases with increasing SDS concentration, both 
in water and in 100 mm NaCl aqueous solution; see Figure 3.3.  For 𝑐SDS < cmc (region 
1), the viscosity increases by less than 1% in water or in 100 mM NaCl. Hence, the 




the viscosity increases by up to 10% at 𝑐SDS = 60 mM in water, and by up to 20% at 
𝑐SDS = 115 mM in aqueous NaCl solution. In region 3, the viscosity increases up to 60% 
at 200 mM SDS in water, or up to 40% at 200 mM in aqueous NaCl solution. This 
viscosity increase would imply a corresponding sedimentation time increase, which was 
not observed. Hence, the decrease in 𝑡s in region 3 is not due to any viscosity effect.  In 
region 2, small viscosity effects may be masked by the uncertainty of the data.   
 
 
Figure 3.3 Viscosity of suspension medium: SDS solution (■); SDS solution with 100 
mM NaCl (□); literature data by Miura et al.56 (▲); Einstein’s equation predictions for 
SDS (solid line), and for SDS solution with 100 mM NaCl (dashed line). 
 
The predictions of the intrinsic viscosity, (
𝜂
𝜂s
− 1) /𝜙m, if there are no interparticle 
interactions, are larger than the value of 2.5 predicted by the Einstein equation for spheres 
by a factor of 2 to 4, where 𝜂s is the viscosity of the continuum phase, taken to be the 
viscosity at the cmc, and 𝜙m is the volume fraction of the micelle. The discrepancy may 




an electric double layer. This, in turn, may increase the effective diameter 𝑎eff, and the 
volume fraction, of the micelles by about twice the Debye length 𝜅−1 of the micelles. At 
the higher ionic strength of 100 mM, the Debye length is smaller. This results in a smaller 
𝑎eff value and a smaller intrinsic viscosity. 
 
3.4.3 Surface densities of SDS adsorbed on the titania particles 
The average surface densities, 𝛤SDS, in region 1 show the same trends as the half-
times of sedimentation (Figure 3.4a). 𝛤SDS  was determined from the initial surfactant 
concentration, the final concentration after adsorption equilibrium, and the surface area of 
the particles. Some amount of SDS may hydrolyze and then produce dodecanol, which 
may also adsorb. The surface density increases from 0.08 to 12 μmol/m2 linearly, and 
levels off at 𝑐SDS ≅ cmc, unlike the results by Dick et al. and others,
57-58
 who observed S-
shaped isotherms and inferred hemi-micelle formation. The adsorbed layer stabilizes the 
particles against agglomeration via repulsive interactions, either electrostatic, or steric, or 
both. We presume that 𝛤SDS  remains essentially unchanged at 𝑐SDS > cmc , since the 
anionic micelles are not expected to adsorb on  the charged particles (see Section 3.4.4).
57
 
If we assume that the surface is covered by a uniform surfactant layer with an 
average thickness 𝛿, we can estimate the 𝛿-value from the equation: 𝛿 = 𝛤SDS𝑀w/𝜌SDS, 
where 𝑀w is the molecular weight of SDS, and 𝜌SDS is its density, estimated to be about 
1.0 g/cm
3
; 𝛿  was found to range from 0.06 nm to 3.34 nm (Figure 3.4b). The film 
thickness at 𝑐SDS ≅ cmc indicates that the adsorbed surface layer is probably a bilayer. 




surface and a second monolayer may form to prevent the hydrocarbon chains of the first 







Figure 3.4 (a) Surface densities of SDS adsorbed on the surfaces of titiania particles and 
half-times of sedimentation with various SDS concentrations. (b) Average thickness of 





3.4.4 Zeta potentials, surface charge densities, and net surface ion densities 
The zeta potentials of titania particles in the SDS solutions were measured, and the 
zeta potentials of the SDS micelles with no particles were also measured for reference; 
see Figure 3.5. The zeta potential is determined from the measured electrophoretic 
mobility (em), which is found from the Doppler velocity of the conducting species. Since 
there are also conducting micelles in addition to the charged titania particles in the 
suspension studied, some of the signal may come from the micelles. The 𝜁-values for the 
micelles alone are quite different and smaller than the ones of the particles in the SDS 
solutions. Therefore, the signal for the em in the presence of both particles and micelles 
can be presumed to arise primarily from the particles. If the ems were due in part to the 
micelles, then the actual zeta potentials of the titania particles would be even larger in 
absolute value than those observed. Hence, in our calculations, we can ignore any 
contribution from the micelles. In water, the 𝜁-value was about +30 mV, indicating that 
the particles were positively charged. Upon addition of SDS, the particles became 
negatively charged. For 𝑐SDS = 1.7 mM, the 𝜁-value was about -40 mV. The | 𝜁|-value 
increases with increasing 𝑐SDS and levels off at the higher concentrations at about 65 mV.  
Such values indicate significant electrostatic repulsive interactions, which can stabilize 






Figure 3.5 Effect of SDS concentration on the zeta potential: SDS micelles (○); titania 
particles dispersed in SDS solution (●). 
 
To find the surface charge density, 𝜎, we assume that the surface potential, 𝜓0, is 
equal to 𝜁, as is done commonly, and use the integrated Poisson Boltzmann equation for 
an planar geometry,
4
 since the particle surfaces are quite flat; see Figure 3.1. 
 𝜎 = {(2𝜀0𝜀r𝑘B𝑇)∑ 𝑐𝑖 (exp (
𝑧𝑖𝐹𝜁
𝑅𝑇
) − 1)𝑖 }
1/2
 (3-1)  
where 𝜀0 is the permittivity of vacuum, 𝜀r is the dielectric constant of the medium, here 
assumed to be equal to that of water, 78.5, 𝑐𝑖 is the bulk concentration of ion 𝑖,  𝑧𝑖 is the 
charge of ion 𝑖 , 𝑅  is the ideal gas constant, 𝑇  is the temperature, and 𝐹  is Faraday’s 
constant. From the specific surface area, we can calculate the net ion densities 𝛤𝑖 
(mol/m
2
), the areas per ion ?̅? (nm2/ion), and the total particle charges |𝑧|. 
At 𝑐SDS =1.7 mM and 3.4 mM, below the cmc, the surface charge densities were -
0.0041 and -0.0058 C/m
2
; the ion densities were 0.043 and 0.061 mol/m
2
. These ion 
densities are only 1% of the SDS surface densities. Hence, at these conditions, only 1% 




binding, 99%, than that of SDS micelles, 70%,
59-60
 could be due to several reasons.  
Adsorbed monolayers on flat titania particle surfaces may have higher surface densities, 
than those of curved micelles, which may also be more fluid.  Moreover, in a bilayer, the 
first monolayer could be neutral and the second one could be charged, by 2%. The area 
per ions on the particles is about 30 or 40 nm
2
. Hence, the assumption of the standard 
DLVO theory of a uniform, or “smeared”, charge density is questionable. Nonetheless, 
the available charges produced a sufficiently large zeta potential, which leads to 
significant electrostatic repulsive potential energies (see Section 3.6). Because of the 
presence of both charged and uncharged areas at the particle surfaces, the observed 
stability of SDS-covered titania particles against coagulation, or irreversible 
agglomeration, may also involve some steric interactions.  
Above the cmc, the monomer concentrations, the counterion concentrations, and the 
charged micelle concentrations vary with 𝑐SDS, probably because of the change in the 
ionic strength. They were estimated based on the ion activity data from Sasaki et al.
61
 for 
an average micelle aggregation number, 𝑛a = 40.  The calculated values of |𝜎| and 𝛤𝑖 
increase with increasing SDS concentration (Table 3.1), but the variations are small.  It 
remains unclear whether 𝛤SDS also increases slightly with 𝑐SDS in this region or whether 
the counterion binding fraction may vary due to the decreasing sensitivity of the 





Table 3.1 Surface charge densities, ion densities, areas per ion on surface, and numbers of 
ions per particle for titania particles in SDS solutions for concentrations above the cmc. 
𝑐SDS, mM 𝜁, mV 𝜎, C/m
2 𝛤𝑖, μmol/m
2 ?̅?, nm2/ion 𝑧, ions/particle 
17 -56.6 -0.016 0.16 10 5.7×10
4
 
22 -61.0 -0.018 0.19 8.8 6.7×10
4
 
35 -66.7 -0.024 0.25 6.8 8.7×10
4
 
69 -66.7 -0.030 0.32 5.3 1.1×10
5
 
80 -70.5 -0.035 0.37 4.6 1.3×10
5
 
90 -73.5 -0.039 0.41 4.1 1.5×10
5
 




3.4.5 DLS measurements of particle sizes 
DLS measurements were used to assess the dispersibility of the particles (the ability 
of the particles to be dispersed with the protocol used) and the suspension stability 
against coagulation. The hydrodynamic particle sizes 𝑑h in water, or in 100 mM NaCl, or 
in SDS solutions (4 mM, 35 mM, and 105 mM), or in SDS solutions (1.5 mM, 35 mM, 
and 200 mM) with 100 mM NaCl were measured, over time. The measurements were 
done after mild homogenization and dilution to 0.0005 wt%, owing to the high light 
scattering intensity at 1 wt% paritlce concentration. The dilution was first made in water.  
To test the effect of the SDS monomers or micelles on the particle agglomeration, the 
dilution was also made in the actual suspension medium, with no dilution for surfactant 
concentration.  
In water, 𝑑h was about 380±180 nm initially. The reported uncertainties represent the 
size polydispersity, rather than errors of the averages. This value is larger than the 
primary particle size (280 nm), indicating incomplete dispersibility. At 140 h, the 




In SDS solutions without NaCl, the dispersibility was better (see Figure 3.6). At 𝑐SDS =4 
mM (in region 1, R1), for both dilution methods, the initial 𝑑h-value was about 380±150 
nm, which is larger than the primary particle size, probably because the particles 
coagulated during the suspension preparation. The particles sizes remain constant after 
140 h, indicating a good stability after the initially fast coagulation. At 𝑐SDS = 35 mM 
(R2), 𝑑h was initially close to the primary particle size, indicating a good dispersibility; 
𝑑h did not change after 140 h, suggesting good stability against coagulation in this time 
scale. At these conditions, the SDS monomers and micelles had no effect on the particle 
agglomeration. When the suspension at 𝑐SDS = 105 mM (R3) was diluted in water for the 
measurements, 𝑑h  was found to be close to the primary particle size, and remained 
unchanged over 140 h, suggesting a good stability against coagulation when there were 
no SDS micelles present. By contrast, when the suspension was diluted in 105 mM SDS 
solution, 𝑑h was higher, 600±250 nm initially, and increased from 600±250 to 800±250 
nm at longer times. These results suggest that in region 3 the high SDS micelle 
concentration is the cause of the particle agglomeration, which leads to faster 
sedimentation. These agglomerates are inferred to be not tightly bound coagulates, but 
instead loose flocs, which can be easily broken by gentle shaking. When the sample was 
diluted in water and the SDS micelles concentration decreased, the particles no longer 
formed flocs. Therefore, the large micelle concentrations, above 𝑐∗, cause flocculation, 












Figure 3.6 Average hydrodynamic diameters (𝑑h) of titania particles dispersed in aqueous 




in the respective suspension medium (●): (a) 𝑐SDS = 4 mM (R1); (b) 𝑐SDS = 35 mM (R2); 
(c) 𝑐SDS = 105 mM (R3). 
 
The results in 100 mM NaCl were qualitatively similar. The dispersibility and 
stability against coagulation improved as cSDS increased. In regions 1 and 2, the same 𝑑h-
values are obtained for both dilution methods. At 𝑐SDS = 1.5 mM (R1), 𝑑h was about 
600±300 nm initially, and increased to 1000±650 nm after 100 h for both dilution 
methods; see Figure 3.7. This suggests an improved but still poor dispersibility and an 
improved but still poor stability against coagulation. At 𝑐SDS = 35 mM (R2), the particles 
were dispersed well; the 𝑑h-values were close to the primary particle size. The particles 
underwent some coagulation with 𝑑h ≅ 350±120 nm in 24 h, and then were stable against 
agglomeration for 140 h or longer times. In this region, the presence of SDS monomers 
and micelles did not yield further particle agglomeration. In region 3, the large flocs were 












Figure 3.7 Average hydrodynamic diameters (𝑑h) of titania particles dispersed in SDS 




in water (○) or in the respective suspension medium (●): (a) 𝑐SDS = 1.5 mM(R1); (b) 
𝑐SDS = 35 mM (R2); (c) 𝑐SDS = 200 mM (R3). 
 
3.4.6 Additional experiments to test the type of agglomeration 
On the basis of the available evidence discussed above, we can conclude that: (i) in 
region 1 (R1), the particles are unstable against coagulation; (ii) in region 2 (R2), the 
particles are stable against coagulation and flocculation; ( iii ) in region 3 (R3), the 
particles are stable against coagulation and unstable against flocculation. We postulate 
that the flocculation in R3 is due to attractive depletion forces induced by the high 
micelle concentrations. To test this hypothesis experimentally, we made certain SDS 
concentration adjustments in some suspensions after the particles had sedimented 
completely, we changed the concentration as follows: (a) from 35 mM (R2) to 105 mM 
(R3) in water; (b) from 105 mM (R3) to 35 mM (R2) in water; (c) from 50 mM (R2) to 
200 mM (R3) in 100 mM NaCl; and (d) from 200 mM (R3) to 50 mM (R2) in 100 mM 
NaCl. Then, the particles were re-dispersed by gentle shaking, and the sedimentation half 
times were measured again for comparison. At least three experiments were done in each 
case to test the reproducibility of the results. 
In cases (a) and (c), the half times decreased from ca. 45 h to ca. 1.5 h.  Evidently, the 
large increase in the micelle concentration caused the particles to form flocs and to 
sediment faster. In cases (b) and (d), the half times increased from 1.2 h to ca. 47 h.  Thus, 
the flocs, which had previously formed, were broken down easily by gentle shaking.  
Since the surfactant concentrations were no longer higher than 𝑐∗, the resulting primary 




hypothesis that in region 3 the particles form flocs, but form no coagulates. The 
postulated depletion forces are expected to increase gradually with increasing micelle 
concentration, and are modeled in Section 3.6. 
 
3.5 Particle sizes estimated from the sedimentation-diffusion model 
For a polydisperse suspension, the smaller particles control the measured half-time of 
sedimentation, since the larger particles settle faster than others. Therefore, polydispersity 
might increase the effective, or measured, half-time. We have modified the Mason-
Weaver equation, which is suitable only for a monodisperse system, to predict the half-
time of sedimentation for a polydisperse system in Section 2.6. The average effective 
particle size, 𝑑eff, from the measured values of 𝑡s was estimated from this polydiserse 
model, and then compared to the DLS data, 𝑑h. For example, for 𝑐SDS = 4 or 35 mM in 
water, 𝑑eff =  350±225 or 300±200 nm, in fair agreement with the values of 𝑑h = 
380±150 or 295±110 nm. The small discrepancies may be due to having non-spherical 
particle shapes and high polydispersity, both of which result in errors in DLS 
measurements. For 𝑐SDS =105, 𝑑eff ≅2000 nm, which is higher than 𝑑h = 650±250 nm. 
Since the sedimentation method is based on the settling velocity of a cluster and the DLS 
data are for cluster diffusion, the discrepancy may be due to the different mechanisms on 
which each method is based. Nonetheless, the large values support our hypothesis that in 
region 3 the particles agglomerate quite fast, and form large flocs, which sediment 





3.6  Effect of interparticle interactions on agglomeration 
3.6.1 Application of the DLVO theory 
The DLVO potential energy ΦDLVO is a combination of the van der Waals attractive 
potential energy (ΦvdW) and the electrostatic repulsive potential energy (Φel). For a 
symmetric 1: 1 electrolyte with a concentration 𝑐e, for which the ionic strength 𝐼 is equal 
to 𝑐e, Φ
DLVO between two identical spheres is,4, 62 
 ΦDLVO = ΦvdW +Φel  or  Φ𝑖𝑗
DLVO = Φ𝑖𝑗
vdW +Φ𝑖𝑗
el (1-5)  














where 𝐴 is the Hamaker constant for the pair of the particles, ℎ is the separation distance 
between the two particle surfaces, 𝑛𝑏  is the bulk molecular electrolyte concentration 
( 𝑛𝑏 = 𝑐e𝑁A ), 𝜅




) − 1) (exp (
|𝑦0|
2
) + 1)⁄ , where 𝑁A is Avogadro’s number, and 𝜀0, 𝜀𝑟 , 𝑅, 𝐹, 𝑇 
have been defined with Eq. (3-1), and 𝑦0 is the dimensionless surface potential 𝐹𝜓0 𝑅𝑇⁄ . 
The above equations were used to interpret the data in SDS solutions below the cmc, 
where the ions are DS−, with concentration 𝑐1, and Na
+ with concentration 𝑐M+. Above 
the cmc, there are charged micelles, with concentration 𝑐n, aggregation number 𝑛a, and 
counterion binding fraction 𝛽; here we take 𝑛a = 40 and 𝛽 = 0.57.
61
 The equation of 
solution electroneutrality is  




The concentrations 𝑐1 and 𝑐M+ vary with the total surfactant concentration; 𝑐1 decreases 
and 𝑐M+ increases. Those concentrations can be obtained from ion activity measurements, 
as reported by Sasaki et al. 
61








(𝑐1 + 𝑐M+ + 𝑐n((1 − 𝛽)𝑛a)
2
)  (3-3) 
The effective electrolyte concentration is defined as 𝑐± = √𝑐1𝑐M+. Because of the large 
micelle charge, (1 − 𝛽)𝑛a , the micelles are repelled strongly by the charged particle 
surfaces, and are expected to contribute little to the effective Debye length and the 
electrostatic potential energy, as supported by surface force data.
63-64
 Then the effective 




(𝑐1 + 𝑐M+)  (3-4) 
which is higher than the cmc. These results do not depend on the actual value of 𝑛a, 
which may vary from 40 to 100 with increasing surfactant concentration. 
The Fuchs-Smoluchowski stability ratio 𝑊 for coagulation is then calculated from 
the DLVO potential energy, and depends on the integral of the interaction potential 
energy between two spheres as follows,
4
 








dℎ  (3-5)  
From AFM data and Lifshitz theory predictions for rutile titania particles in water, the 
Hamaker constant 𝐴 is about (6±2)×10-20  J.5, 11, 65 The values of 𝐴 obtained with other 
methods, such as the contact angle method or a yield stress method, are considered less 
reliable and will be ignored.
10, 66




particles used here, because of their aluminum oxide and organic surface layers, which 
have lower 𝐴 –values. 
For 𝐴 = 6×10-20  J, 𝑑 = 280 nm, and the measured zeta potentials, the values of 





concentrations within all three regions. If lower 𝐴 -values or higher 𝑑-values were used, 
The 𝑊-values would be even higher.  Such large 𝑊-values indicate that for 𝑐SDS ≥ 1.7 
mM the particles should be stable against coagulation for long times. The observed 
moderate rate of coagulation suggests that the DLVO theory may not work well for 
particles with flat or rough surfaces,
67-69
 or when the particles’ charges are quite sparse on 
the surface, namely one charge per 9-10 nm
2
; see Table 3.1. These results also provide a 
plausible explanation of why in region 2 the particles sediment without any effect of 
agglomeration.  However, the small surface charge densities and the presence of sparse 
discrete charges on the particle surface (see Section 3.4.4) suggest that the stabilization 
mechanism may include some steric contributions, and that assumption in the DLVO-
theory of continuous and uniform surface charge densities may not be totally appropriate. 
In the absence of other forces, the particles would not agglomerate in region 3, and their 
sedimentation behavior would not be expected to differ from their behavior in region 2. 
Since it does differ in region 3, the results clearly indicate the existence of other attractive 
interactions. 
 
3.6.2 Adding depletion potential interactions to the DLVO theory 
When two particles are at a distance of ℎ , which is smaller than the depletant 




resulting osmotic pressure difference caused by the depletants around the particles yields 
an attractive potential energy between the large particles.  
The depletion potential (Φdep ) between two uncharged spherical particles with 
















) 𝜌∞𝑘B𝑇           0 < ℎ < 𝑎
0                                                              ℎ > 𝑎
 (1-6) 
where 𝜌∞  is the depletant bulk number density. For charged particles and charged 
depletants, the depletion potential energy was found to be much stronger than indicated 
by this equation.
13, 17-19
 Since both the titania particles and the SDS micelles are charged, 
the effective depletant diameter should be affected by the Debye length, 𝑎eff = 𝑎micelle +
𝑁𝜅−1, where 𝑎micelle is the actual micelle diameter and 𝑁 is an initially undetermined 
positive number. When we ignored the Debye length thickness in calculating the micelle 
size, the model could not explain the fast flocculation rate. It is clear that the effective 
diameter should be larger than the actual micelle diameter. We roughly estimated that the 
effective extra thickness of the micelles excluded from the space between two flat or 
spherical particles has one Debye length on each side of the micelles and one Debye 
length on each of the two surrounding surfaces, for a total of 4𝜅−1; then 𝑁 = 4; see 
Figure 3.8. We chose this value for the sample calculations shown in Figure 3.9. The 
value of 𝑎eff would also be influenced by micelle or particle hydration and micelle non-
spherical shaped micelle.
4
 These effects are ignored, however, being considered to be less 






Figure 3.8 Schematic of the mechanism of how the imbalance of the concentration of 
charged SDS micelles between the region outside of the charged particles and the region 
between those particles causes a net osmotic force, which pushes the particles toward 
each other, generating effectively an attractive force. 
 
Calculations were done for 𝑐SDS = 17 mM to 105 mM, first without including 
depletion interactions. The DLVO theory predicts a very high potential barrier Φmax 
against coagulation, and a secondary minimum Φminof about 3 𝑘B𝑇 for 𝑐SDS = 35 mM 
(where 𝐼 = 9.3 mM), or about 8  𝑘B𝑇  for 𝑐SDS = 105 mM (where 𝐼 = 17 mM). The 
secondary minima are shallow and appear at separation distances of 20 or 11 nm, 
respectively. Without considering the effect of Debye length, adding the depletion 
interactions with 𝑎eff = 𝑎micelle = 3 nm produces a negligible effect on the potentials for 
the range of SDS concentration examined. If we use 𝑎eff = 𝑎micelle + 4𝜅
−1, the effect is 
still negligible at 𝑐SDS ≤  35 mM, but becomes quite important at the higher 
concentrations of region 3. At 𝑐SDS = 105 mM, the potential energy barrier becomes 




secondary minimum becomes deeper, about 12 𝑘B𝑇, and moves to a smaller distance of 
6.5 nm. We presume that this deeper secondary minimum is the cause of the fast 







Figure 3.9 Dimensionless potential energy between two spherical particles in a SDS 
solution for 𝑑 =  280 nm and 𝐴 =6×10-20 J: DLVO potentials (solid lines); DLVO 
potentials combined with the depletion potentials (dashed lines); (a) 𝑐SDS = 35 mM, 𝐼 = 





Therefore, the sedimentation behavior observed in region 3 may indeed be due to fast 
flocculation. Then the effective stability ratio against flocculation would be of the order 
of 1, even though the stability ratio against coagulation is larger than 10
5
, or even higher.  
When we used Marmur’s approach70 to estimate the effect of the secondary minimum on 
𝑊 , the effect was small, because Φmin  was about 3~12 𝑘B𝑇  in our cases. In their 
approach, only for Φmin ≤3𝑘B𝑇, the effect is significant. However, from our approach, 
the existence of the concentration limit 𝑐∗ = 60 mM and of region 3 can be explained if 
one assumes the existence of substantial depletion interactions. The assumption that the 
double layer increases the effective particle sizes is also quite plausible. Adding 100 mM 
NaCl causes a decrease in 𝜅−1, and hence in 𝑎eff, if 𝑎micelle remain the same. Then a 
higher 𝑐∗ -value is needed to trigger the substantial depletion effect, in region 3, as 
observed. 
 
3.7  Effect of agglomeration on sedimentation 
In region 3, the particles flocculate to form large agglomerates, which sediment 
within 1 to 2 h. Here, we provide analytical estimates of the agglomeration times, 𝑡a𝑛, to 
help predict, for the first time, the sedimentation half times in the presence of significant 
agglomeration rates. We considered two cases: (a) an initially monodisperse system of 
hard spheres with diameter 𝑑1 = 280 nm and a particle volume fraction, 𝜙1 = 0.002, and 
(b) an initially monodisperse system of 𝑑1  = 100 nm, and 𝜙1 = 0.0001. This approach 
may provide some bounds for the behavior of the actual system, which is polydisperse 
with an average diameter of 280 nm and 𝜙TiO2 = 0.0025, and has a volume fraction of 




time, since calculations for polydisperse system are quite complex. We calculate two 
characteristic times, 𝑡a𝑛 and 𝑡s𝑛 for 𝐿 = 0.01 m from Stokes law, on the assumption that 
the diffusion effects are negligible. For primary particles, or “monomers” with ∆𝜌1 = 3.2 
g/cm
3
, the 𝑡s1-values from Stokes law, Eq. (1-7), are 9 h and 71 h for cases (a) and (b); 
see Table 3.2. Once the monomers (𝑛 = 1) agglomerate (without coalescence), clusters 
form. We consider “fractal” clusters with an effective equivalent sphere diameter, 𝑑𝑛, and 
an effective density difference, ∆𝜌𝑛. The values of 𝑑𝑛 are calculated from the following 
equation, where 𝑛 is the number of the primary particles in the cluster; 𝑑f is the fractal 
dimension, for which the value of 1.8 for diffusion-limited agglomeration was used.
71
  
The value of 2.1 for reaction-limited agglomeration was also tested, and little difference 
was found; these results are not shown. 
 𝑑𝑛 = 𝑑1(𝑛)
1/𝑑f  (3-6) 
To account for flocculation at the particle separation distance of 6.5 nm (at the 
secondary minimum; see Figure 3.9), the 𝑑1-values for cases (a) and (b) were chosen as 
280+6.5 nm and 100+6.5 nm. The effective density difference for a cluster with a 
diameter of 𝑑𝑛  depends on the volume of the occluded solvent and the cluster shape.  
This can be accounted for by the fractal dimension as follows  








𝑑f  (3-7)  
where the values of ∆𝜌1 =  3.0 g/cm
3  and 2.7 g/cm3  were used, to account for the 




If the primary particles agglomerate “completely,” here by 99% as an approximation, 
to form only dimers (𝑛 = 2) with a diameter of 𝑑2, the time for complete agglomeration 








  (3-8)  
This equation follows from the time evolution of the monomer concentration from the 
Fuchs-Smoluchowski steady-state (SS) model of agglomeration; more details are 
provided in Chapter 4. In this approximation, the formation of larger agglomerates is 
neglected, and the rate of agglomeration is somewhat underestimated. Therefore, the 
value of 𝑡a2
SS represents an upper bound of the time for 99% monomers disappearing. The 
effective volume fraction, 𝜙2, of the dimers at time 𝑡a2
SS is larger than 𝜙1, and is found 







)3  (3-9) 
We now consider the dimers to be the new “primary” particles.  The time for all the 
dimers to agglomerate completely (by 99%) to form only tetramers (𝑛 = 4) is calculated 
similarly as above, with Eq. (3.10), by replacing 𝑑1 by 𝑑2, and 𝜙1 by 𝜙2.  Then, the total 
time to form just dimers in a first step and then only tetramers in a second step is 
 𝑡a4
SS = 𝑡a2










SS(1 + 21) 
  (3-10)  
Similarly, we can calculate the total time to form octamers (𝑛 = 8) by  
 𝑡a8
SS = 𝑡a4
















SS to form higher 𝑛-mers is given by the following series,  
 𝑡a𝑛
SS = 𝑡a2
SS(1 + 21 + 22 + 23 +⋯+ 2𝑁𝑚−1) = 𝑡a2
SS(𝑛 − 1)  (3-12) 
where 𝑛 and 𝑁𝑚 are related by the equation  
 𝑛 = 2𝑁𝑚  (3-13) 
This calculation is novel. The agglomeration times have the following significance 
on the actual sedimentation times. If 𝑡a2
SS were much higher than 𝑡s1, the particles would 
settle without any agglomeration. This would occur only if the stability ratio were very 
large, much higher than 10
5
 in our examples. Since now 𝑊 ≅ 1, for flocculation of “hard 
spheres” with no energy barrier, we found 𝑡a2
SS = 0.025 h.  This value is much smaller 
than 𝑡s1. Hence, the particles have sufficient time to form dimers completely with little 
sedimentation, and the sedimentation half time decreases (see Table 3.1). This applies 
also for tetramers, octamers, etc, until the agglomeration time becomes much larger and 
comparable to the sedimentation half time. This condition occurs for 𝑛 = 32 to 64, for 
which 𝑑𝑛 ≅ 2000-3000 nm, for case (a), and for 𝑛 = 256 to 512, for which 𝑑𝑛 ≅ 2400-
3500 nm, for case (b). The particles will then sediment as if they had much larger sizes. 
They may not agglomerate further before they sediment, since then agglomeration would 
become slower than sedimentation. The predictions of the sedimentation times should be 
considered as rough approximations, which are still useful, because they help explain 
why the sedimentation times in region 3 are much smaller than those in region 2, but still 
not smaller than about 1 or 2 h. If 𝑡a2
SS  were much smaller than 0.025 h, then the 
sedimentation time in region 3 would be much smaller than 1 h. The rate of 




region 1, in which there is some coagulation but no flocculation, a similar explanation is 
plausible, with the understanding that the measured 𝑡s-value is larger than 2 h because the 
particle stability ratio 𝑊 is larger than 1, but still not as high as in region 2.   
 
Table 3.2 Agglomeration numbers, effective densities, agglomeration times, effective 
density differences, gravitational Peclet numbers, and sedimentation half times for (a) 
𝑑1 = 280 nm and 𝜙1 = 0.0025, and (b) 𝑑1 = 100 nm and 𝜙1 = 0.0001. 
(a) 𝑑1 = 280 nm and 𝜙1 = 0.0025 
𝑛 𝑑𝑛, nm 𝑁𝑚 𝑡a𝑛
SS, h ∆𝜌𝑛, g/cm
3 𝑃𝑒g 𝑡s𝑛, h 
1 280 0 N/A 3.20 871 9.09 
2 421 1 0.024 1.88 1743 6.83 
4 619 2 0.071 1.19 3486 5.02 
8 910 3 0.165 0.75 6972 3.69 
16 1337 4 0.353 0.47 13944 2.71 
32 1965 5 0.730 0.30 27888 1.99 
64 2888 6 1.484 0.19 55776 1.46 
128 4244 7 2.991 0.12 111553 1.08 
(b) 𝑑1 = 100 nm and 𝜙1 = 0.0001 
𝑛 𝑑𝑛, nm 𝑁𝑚 𝑡a𝑛
SS, h ∆𝜌𝑛, g/cm
3 𝑃𝑒g 𝑡s𝑛, h 
1 100 0 N/A 3.20 40 71.27 
2 157 1 0.024 1.66 79 55.97 
4 230 2 0.071 1.05 158 41.13 
8 338 3 0.167 0.66 316 30.22 
16 497 4 0.357 0.42 632 22.21 
32 730 5 0.738 0.26 1265 16.32 
64 1073 6 1.501 0.17 2530 11.99 
128 1578 7 3.025 0.10 5059 8.81 
256 2319 8 6.074 0.07 10119 6.48 
512 3408 9 12.173 0.04 20237 4.76 
 
Ignoring the formation of trimers, pentamers, and other odd-numbered agglomerates 




one ignores the collisions of dimers to monomers, leading to trimers, and trimers to 
monomers, leading to more tetramers.  This implies that a lower rate of the decrease in 
the monomer concentration is predicted by this simple analytical model. This model 
predicts, therefore an upper bound to the agglomeration time, and also an upper bound to 
the predicted sedimentation time.  To obtain even more accurate predictions of the 
sedimentation times, one would need to use models where sedimentation and 
agglomeration are coupled, where the initial polydispersity of the system has to be 
accounted for, and where a population balance model should account for the size and 
shape distribution of the agglomerates.  Such models would be overly complex, and 
would have only numerical solutions. 
 
3.8 Conclusions 
The sedimentation times of titania nanoparticles with sizes 280±100 nm were found 
to increase, from 1 h to 45 h, with increasing SDS concentration up to the cmc, 8 mM in 
water or 1.5 mM in 100 mM aqueous NaCl solution. This increase is due to increasing 
adsorption density of SDS monomers, which causes strong electrostatic interactions, as 
expected.
22-23
 It was found that only about 1% of the adsorbed SDS molecules were 
ionized. Above the cmc, the stability against agglomeration and against sedimentation 
remained the same, as would be expected since micelles are not expected to adsorb on the 
particle surfaces. In this region, the particles were stable against agglomeration and the 
Fuchs-Smoluchowski stability ratios were very high. Moreover, the measured half-times 
are in accord with the predictions from the polydisperse model of sedimentation coupled 




mM in water or 115 mM in 100 mM aqueous NaCl, the sedimentation times dropped to 1 
h to 2 h. This indicated fast agglomeration, which was shown to be flocculation (easily 
reversible agglomeration), and not coagulation. Such results are consistent with literature 
reports on the effect of micelles at high concentrations on the stability of suspensions of 
polymer microspheres.
22-24
 Even though the existence of depletion forces has been known 
to cause such flocculation, the concentration ranges where they would produce a major 
destabilization effect have not been fully understood. Jodar-Reyes et al. 
22
 have presented 
the overall interaction potential, in which the depletion interaction energies were added to 
the standard DLVO potential, as done in this chapter. Their potential curves predict 
flocculation and a low-energy barrier, which may not prevent coagulation. In contrast, 
our quantitative model and the parameters used provide a good prediction of the overall 
interparticle potential. This potential shows a smaller, but still large, energy barrier, and a 
deeper secondary minimum due to the micelles depletion effect. In the model the 
effective micelle size includes the length of 4𝜅−1, to account for the double layers of the 
micelles and the particles. The model helps explain the concentration threshold 𝑐∗ where 
the flocculation became important, and why the concentration 𝑐∗  was higher in the 
solutions with higher ionic strength. The model also suggests that if the surfactant 
micelles are uncharged, the depletion effects are weaker. These results indicate that 
higher concentrations of micelle-forming surfactant dispersants can have a detrimental 
effect on the stability against sedimentation. To our knowledge, our results are the first 
report of the effect of depletion interactions on sedimentation coupled with fast 
flocculation while the particles are still stable against coagulation. This result should be 




without having them coagulate, so that they can be re-dispersed more easily, this 
phenomenon can be advantageous and superior to the method of using high electrolyte 
concentrations to induce hard-to reverse coagulation at the primary minimum. 
A new simple analytical model, based on the Smoluchowski equation, was also 
used to calculate how fast sedimentation will be in the presence of flocculation, described 
as agglomeration with no barrier (effectively “hard spheres”). As the particle cluster size 
grows, the predicted agglomeration time increases, and the sedimentation time decreases.  
When these two times become about equal, an increase in the flocculation rate has no 
impact on the actual sedimentation time, because the particles have already settled. The 
model can be used in predicting the effect of the particle size and volume fraction on the 
agglomeration and the sedimentation rates. More accurate models can be developed and 





4. EFFECT OF INTERPARTICLE INTERACTIONS ON AGGLOMERATION 
AND SEDIMENTATION RATES OF COLLOIDAL SILICA MICROSPHERES 
4.1  Abstract 
The sedimentation half-times 𝑡s  of initially monodisperse suspensions of 750 nm, 
505 nm, and 350 nm silica microspheres were measured in water, in ethanol, and in 
aqueous NaBr solutions of concentrations ranging 𝑐NaBr from 50 mM to 1000 mM, where 
the particles may have formed clusters. In water and in ethanol, 𝑡s was about 8, 18, and 
33 h for the 750, 505, and 350 nm particles, respectively. These values were the same as 
the ones predicted by Stokes law, suggesting that the particles were monodisperse and 
remained so during sedimentation; 𝑡s-values remained the same with increasing particle 
weight fraction up to 0.03, indicating no hydrodynamic interactions. Three regions of 
NaBr concentrations with different settling behavior were found for each size. In region I 
or at lower 𝑐NaBr, the 𝑡s-values were the same as at no salt conditions, implying that there 
was no significant agglomeration before particles settled. In region II, at intermediate 
𝑐NaBr , 𝑡s decreased with increasing cNaBr , suggesting that the agglomeration and 
sedimentation half times of medium-size clusters were comparable. In region III, at still 
higher 𝑐NaBr, the 𝑡s-values were quite similar for all particles, and independent of the 
NaBr concentration, indicating that at short times the particles formed large clusters 
which settled rapidly. The zeta potentials of the particles in water or in NaBr solutions 




ratios, which were sensitive to the chosen Hamaker constant-values and the NaBr 
concentrations. Two models, based on the Smoluchowski steady-state and the more 
general unsteady-state agglomeration rates, were developed for obtaining the 
agglomeration times 𝑡a𝑛  for forming clusters of size 2
𝑁𝑚 , where 𝑁𝑚 = 1, 2, 3, …, and 
the net predicted sedimentation half time 𝑡s
∗  for these clusters. The clusters were 
described by a fractal model with a fractal dimension 𝑑f. Diffusion-limited clusters (𝑑f = 
1.8) were compared to the coalescence-limit clusters (𝑑f = 3). The models provide some 
useful and accurate upper-bounds of 𝑡a𝑛 and 𝑡s
∗. Moreover, the effective sizes, density 
differences, and volume fractions of the clusters were obtained as a function of time. The 
predicted trend of 𝑡s
∗ was consistent with the experimental data of 𝑡s . The predictions 
supported the inferences that the particles were unagglomerated in region I, formed 
medium-size clusters in region II, and rapidly formed large clusters in region III.  
 
4.2  Introduction 
This chapter is based on the results published in Yang et al. (2016), and is 
reproduced in part with permission from the American Chemical Society. 
When colloidal particles, typically with diameters between 1 and 1000 nm, are 
dispersed in a liquid medium, they may have substantial Brownian motion, which 
counterbalances the effects of gravity and induces them to stay suspended. Colloidal 
particles in this size range are often assumed to remain suspended indefinitely, as long as 
they remain stable against agglomeration and maintain their initial size in this “colloidal 
size range.” Yet, if particles are more dense than their suspending medium, their 




(moving upward) if they are less dense. The settling or creaming process of dispersed 
colloidal particles under gravity may occur in many practical applications such as 
separation of macromolecules or industrial wastes, industrial filtration, isolation of cells 
from blood, and the shelf-life of various products like paints, inks, consumer products, 
foods, and pharmaceuticals. The settling velocity, 𝑣sed , of particles of diameter 𝑑 , or 
clusters of equivalent hydrodynamic diameter 𝑑, in a liquid medium of viscosity 𝜂  is 




 𝑣sed = 𝑑
2Δ𝜌𝑔/18𝜂 (1-7) 
Mason and Weaver reported the first treatment for colloidal sedimentation of a 
suspension of monodisperse spheres that accounted for the effects of Brownian motion. 
25-26
 The relative importance of gravitational effects and Brownian motion, on the basis of 
this classical model, can be assessed by the gravitational Peclet number, 𝑃𝑒g, which is 
defined as the ratio of the sedimentation flux, 𝑣sed𝑐, to the macroscopic diffusion flux, 




= 𝜋𝑑3∆𝜌𝑔𝐿 6𝑘B𝑇⁄  (1-8) 
When the effects of diffusion are important, the colloidal particles might not settle out 
completely, but ultimately reach a steady-state concentration profile. In Chapter 2 and 
Reference [27], we defined, on the basis of the Mason-Weaver sedimentation-diffusion 
equation, the characteristic sedimentation half-time as the time at which the concentration 
of the particles in the top half of a sample becomes 1% of its initial value (or essentially 




gravitational Peclet number 𝑃𝑒g , some authors
30, 75
 use the particle size 𝑑  instead of 
sample height 𝐿 (𝑑4 instead of 𝑑3𝐿) without a detailed justification. This is not suitable, 
in our view, for a suspension in a macroscopic container. The solution of the 
convection/diffusion equation, after it is made dimensionless, reveals that the appropriate 
characteristic length is 𝐿, for the dimensionless length to vary between 0 and 1; see 
Chapter 2. For 𝑃𝑒g ≤  9.2, the particles never settle completely; the characteristic 
sedimentation half-time is effectively infinite. In the 𝑃𝑒g-range of 9.2 to 50, the half-time 
is finite, and the sedimentation rate is smaller than the one predicted by Stokes law due to 
the effects of diffusion. For 𝑃𝑒g > 50, the sedimentation times predicted from Stokes law 
and the Mason-Weaver equation are nearly identical, suggesting that the Brownian 
motion cannot overcome the gravitational effects.  
As the particles collide and agglomerate to form particle clusters, and sometimes 
even coalesce, their effective size and corresponding Peclet number increase. Those 
larger clusters with higher 𝑃𝑒g-values settle faster. The agglomeration rate is affected by 
the interparticle interactions, which might be influenced by the particle concentration or 
volume fraction,
76
 and several collision mechanisms. The mechanisms that lead to 
agglomeration include (1) Brownian motion (perikinetic agglomeration), (2) fluid flow 
(orthokinetic agglomeration), and (3) differential settling;
2
 the last one is especially 
important for polydisperse colloidal suspensions. In differential settling, particles of 
different diameters settle with different velocities, causing the faster moving particles to 
collide with slower moving particles, leading to agglomeration. Even if agglomeration is 




sedimentation rate, since a settling particle may induce a flow that pulls down other 
surrounding particles. Moreover, the particle volume fraction can strongly affect the 




Hence, the sedimentation and agglomeration processes are usually coupled. Exact 
descriptions of this destabilization process are complex,
78
 and describing then in detail is 
quite demanding computationally.
79-85
 On the basis of experimental results, Allen et al. 
proposed two regimes for sedimentation in the presence of agglomeration: cluster 
deposition at low particle volume fractions, and collective settling followed by gel 
formation at high volume fractions.
78
  
In this chapter, we study experimentally and develop two new models for predicting 
the relative rates of sedimentation and agglomeration for various initially monodisperse 
silica (SiO2) colloidal particles that have a nearly perfect spherical shape and high 𝑃𝑒𝑔-
values, larger than 50. Both experimental results and model predictions are used to test 
the hypothesis that the sedimentation rates are controlled by the gravitational Peclet 
number if agglomeration is slow, and to determine the effects of concentration, if any, for 
colloidally stable particles on the settling rate and the agglomeration rate. In our models, 
to a first approximation, the sedimentation and agglomeration processes are assumed to 
be decoupled and to occur sequentially, with agglomeration followed by sedimentation. 
This analysis is more useful for initially monodisperse particles. In Chapter 3 and 
Reference [27], we examined polydisperse suspensions of certain titania (TiO2) particles 
used in white inks, with particle shapes that were non-spherical and globular. The 




were affected by the particle concentration. The ability to detect the sedimentation fronts 
by visual observations was therefore limited. For these particles, conclusions about the 
coupling between agglomeration and sedimentation rates were difficult to draw clearly. 
In fact, as shown in the results, even beginning with model monodisperse spheres, once 
fast agglomeration starts, a series of clusters of different sizes and shapes result, making 
difficult the detection of a sedimentation front by visual observation. We measure the 
settling times of the monodisperse silica spheres to examine the effects of salt 
concentration and particle concentration on the agglomeration rates, thereby further 
accelerating the sedimentation. We present new models of agglomeration and 
sedimentation, and compare their predictions to some of our experimental data. 
 
4.3  Materials and methods 
4.3.1 Materials and characterization 
Silica spherical particles with nominal diameters of 750 and 505 nm were obtained 
from Superior Silica (Tempe, AZ) as dry solid powders. Their densities, 𝜌SiO2, are 2.0 
g/cm
3
, according to the manufacturer. Spherical silica particles with a nominal diameter 
of 350 nm and a density of 2.0 g/cm
3
 were obtained from Fiber Optic Center (Bedford, 
MA) as a dry solid powder.  The powders were used as received. Since amorphous silica 
has a reported density of 𝜌SiO2 = 2.2 g/cm
3 
and crystalline silica has 𝜌SiO2 = 2.7 g/cm
3
, 
the particles are inferred to consist of amorphous silica. 
The dry silica particles were characterized by scanning electron microscopy (SEM). The 
particle shapes were shown to be nearly spherical; see Figure 4.1. The average diameters 




The particles were dispersed well in water after at least 2 hours in a Branson 3510 
sonication bath at a frequency of 40 kHz. The hydrodynamic diameters (𝑑h) obtained 
from dynamic light scattering (DLS) were found to be 750±50 nm, 496±5 nm, and 353±3 
nm; see Figure 4.2. The reported uncertainties represent the size polydispersity, rather 
than the errors of the averages. The average particle diameters obtained from SEM were 
about the same as those from DLS. The particle sizes remained the same after 30 h. Thus, 
the particles are stable against agglomeration within this time frame. The average particle 
diameters obtained from SEM were used in the later calculations of the predicted 
sedimentation half times and agglomeration times. The particles were negatively charged 
in water; (see Table 4.1 and Table 4.2). Ultrapure water was obtained from a Milli-Q 
system (from Millipore), which uses distilled water as input. Ethanol and sodium bromide 
(NaBr) were obtained from Sigma Aldrich and were used as received. 
 
4.3.2 Scanning electron microscopy (SEM) 
SEM images were taken at the Purdue Life Science EM facility with an FEI NOVA 
200 NanoSEM scanning electron microscope operating at an acceleration voltage of 5 kV.  
Particle powders were loaded onto aluminum sample holders with double-sided sticky 
carbon tape. The samples were sputter-coated with Pt for 60 seconds, to prevent charge 
effects. The photomicrographs were taken under magnification of 15000X. The diameters 











Figure 4.1 SEM photomicrographs of silica particles with nominal diameters of (a) 750 











Figure 4.2 The size distribution of silica particles dispersed in water, obtained from DLS 





4.3.3 Sample preparation 
The silica suspensions were prepared with initial weight fractions 𝑤SiO2 = 0.001-0.06 
(0.1-6 wt%) (initial volume fractions 𝜙SiO2 = 0.0005-0.03) by mixing the silica particles 
with each suspension medium, either water or ethanol. Each suspension was first mixed 
with a vortex mixer for 5 s, and then sonicated for 2 h. Suspensions of particles were 
mixed gently by hand with equal volumes of aqueous sodium bromide solutions with 
concentrations ranging from 50 mM to 2 M, to obtain final salt concentrations of 25 mM 
to 1 M and final weight fractions of 𝑤SiO2 = 0.0005-0.03. 
 
4.3.4 Sedimentation half times of silica particle suspensions 
The stability against sedimentation was monitored visually by measuring, when 
possible, the height ℎ(𝑡)  of the moving front of a nearly-clear supernatant top layer 
against a lower white suspension. The half-time of sedimentation (𝑡s) was determined 
with two different methods, depending on whether the moving front is clear and easy to 
track or not. If the moving front is clear, for a standard sample with an initial height of 
1.8 cm, the 𝑡s-value was determined at a front height of ℎ = 0.9 cm. For the suspensions 
in water or in ethanol, the ℎ(𝑡)  curves were tracked after bath sonication. For the 
suspensions mixed with NaBr solutions, the ℎ(𝑡) data were recorded immediately after 
mixing. In certain cases, the front location could not be clearly identified, because 
sedimentation and agglomeration occurred over similar time scales. Then, accurate ℎ(𝑡) 
curves could not be obtained. In these cases, each 𝑡s-value was estimated approximately 




remaining supernatant being transparent. In certain other cases, some particles 
sedimented quickly to the bottom of the sample, forming a distinct white layer before the 
top layer became transparent, and the top layer looked as previously described, either 
with a sharp front that was easy to follow, or a diffuse front that was hard to track. All 
experiments were done at room temperature of about 25 ℃. 
 
4.4  Experimental results and discussion 
4.4.1 Sedimentation rates and observations 
The sedimentation half-times (𝑡s) were measured for 1 wt% suspensions of 750, 505, 
and 350 nm silica particles in ethanol or in water. As the particles sedimented, the 
moving fronts between a clear upper supernatant layer and a lower uniform turbid or 
milky white suspension were quite sharp for all suspensions; see Figure 4.3(a). These 
results suggest that the particles were well dispersed and remained substantially 
monodisperse, with a negligible number of clusters in the suspension medium. These 
sharp fronts also imply that there were no significant diffusion effects or effects of 
interparticle interactions. This behavior is not surprising, since the Peclet numbers are 
large for these particles, ca 10000, 2500, and 1000 for the 750, 505, and 350 nm particles, 
respectively. Therefore, sedimentation dominated diffusion. At similar circumstances, 
suspensions with highly polydisperse particles have diffuse fronts when the particles 
settle, as was reported previously for titania particles in Chapter 3.
27
 
The sedimentation half-times for the 750 nm particles were found to be 7.8±0.2 h in 
ethanol and 7.5±0.4 h in water. The observed sedimentation half times are quite close to 






, 𝜂 = 0.89 cP, and 𝑇 = 298 K), respectively, obtained from Stokes law, Eq. (1-
7). For the 505 nm particles, the 𝑡s-values were 18.6±0.6 h in ethanol and 18.2±0.7 h in 
water, fairly consistent with the predicted values of 17.4 h (∆𝜌 = 1.2 g/cm3) and 17.5 h 
(∆𝜌 = 1.0 g/cm3). The times for the 350 nm particles were 33.2±1.4 h and 32.7±1.3 h in 
ethanol and water, which also compare well to the predicted times of 33.2 h (∆𝜌 = 1.2 
g/cm
3
) and 33.4 h (∆𝜌 = 1.0 g/cm3). The consistency between the data and the predictions 
of Stokes law proves quantitatively that at 1 wt%: (1) the dispersed particles in water and 
in ethanol were initially monodisperse and remained so as they settled; (2) the actual sizes 
were close to the sizes obtained from SEM; (3) diffusion effects were negligible, and (4) 
there were no significant hydrodynamic and other attractive interparticle interactions. 
To further test whether there were any interactions between the particles, we 
examined the suspensions in water with particle concentrations of 0.1, 0.2, 0.5, 1.0, and 
3.0 wt% (𝜙SiO2 = 0.0005, 0.001, 0.0025, 0.005, and 0.015). As seen in Figure 4.3 (and in 
Figure C.1 in Appendix C), the front locations are nearly identical at all the times shown. 
Other authors reported that hydrodynamic interactions reduce the sedimentation velocity 
by up to 10% for 𝜙SiO2 = 0.015.
75, 86
 However, we did not observe such a decrease. The 
results support the hypothesis that there were no interparticle interactions, which would 
have caused particle agglomeration and polydispersity, as noted earlier, at least up to 3 
wt%. Moreover, through most of the container, except at the bottom layer, the volume 
fraction remains small. The results also imply that there were no other interactions, which 











Figure 4.3 (a) Photographs of glass vials (internal diameter of 1.45 cm and liquid height 
of 1.8 cm) containing suspensions of 1.0 wt% silica particles in ethanol (e) or water (w), 
at various times since sample preparation: for vials 1, 3, and 5, 𝑑 = 750, 505, and 350 nm 
in ethanol; for vials 2, 4, and 6, 𝑑 = 750, 505, 350 nm in water. (b) Photographs for 
aqueous suspensions of silica particles with 𝑑  = 505 nm and various particle weight 
fractions at various times since sample preparation: for vials 1-5, particle weight fractions 





4.4.2 Effect of salt concentration on sedimentation of silica suspensions 
The behavior of the silica suspensions was tested at various concentrations of added 
electrolyte NaBr, 𝑐NaBr, from 50 to 1000 mM at 0.5 wt% (𝜙SiO2 = 0.0025). Three types 
of behavior were observed for 505 nm particles; see Figure 4.4, Figure 4.5(a), and Figure 
4.6. For 𝑐NaBr up to about 50 mM, the sedimentation times were about the same as the 
one at no-salt conditions, namely sharp fronts, uniform turbidity of the lower layer, and 
the same front speed. This behavior indicates good stability against agglomeration on a 
time scale larger than the sedimentation time. In other words, the particles sedimented 
before they had a chance to agglomerate significantly. We call this concentration range 
“region Ι”. At 100 ≤ 𝑐NaBr ≤ 200 mM, or “region ΙΙ”, the sedimentation times decreased 
from 18±0.5 h to 5.0±2.3 h as the salt concentration increased. The fronts were diffuse, 
and the lower layers looked non-uniform. This behavior indicates that the particles 
agglomerated significantly on a time scale of hours, which is comparable to the 
sedimentation time. The agglomeration caused to form clusters with substantial shape and 
size polydispersity, causing a wide range of sedimentation times. This behavior also 
made the visual, front-based, determination of the sedimentation times much more 
variable, inaccurate, and hence uncertain, resulting in the large error bars shown in Figure 
4.6. The results suggest that in region ΙΙ  there are, among the particles, substantial 
colloidal interactions, which are due to different electrostatic interactions, as can be 
described by the DLVO theory. Since the particles’ volume fraction was low, there were 
probably no hydrodynamic interactions affecting the sedimentation rate. This weight 
fraction of 0.005 is lower than the value of 0.03 at which monodisperse spheres showed 




At even higher salt concentrations, from about 250 to 1000 mM, termed “region ΙΙΙ”, 
a different behavior was observed. At the early stages, a white layer formed quickly at the 
bottom of the suspension. This indicates that some particles agglomerated rapidly and 
formed large clusters which settled.  The remaining particles created a diffuse moving 
front and a non-homogeneous suspension, as described earlier for region ΙΙ. Over time, 
the suspension became less and less turbid, and the front became harder and harder to 
track. In Figure 4.5(b), at 5 min, the sample 2, with 0.5 wt% silica particles in 400 mM 
NaBr solution, had a white layer underneath a non-homogenous suspension. At 12 min, 
the suspension became more transparent and still inhomogenous with a more diffuse front. 
At 1 h, most of the particles settled to the bottom. A small number of particles remained 
suspended, but were too few to create a detectable front. At 2 h, the suspension became 
clear, with a white layer of particles at the bottom. Since the front was diffuse and 
difficult to track, the sedimentation time was determined approximately as half the time 
for the remaining suspension to become essentially clear. In this region, the 𝑡s-values 
were about 1.3±0.5 h, independent of the salt concentration, and much lower than the 
sedimentation times predicted from Eq. (1-7). They also had a relatively large uncertainty, 
because it was difficult to observe the front unambiguously. The results indicate that 
agglomeration was occurring much faster than sedimentation, producing large clusters at 
a time scale so small that the sizes of the sedimenting clusters were much larger than the 






Figure 4.4 Photographs for aqueous suspensions of 0.5 wt% silica particles with 𝑑 = 505 
nm and various NaBr concentrations 𝑐NaBr: for vials 1-10, 𝑐NaBr = 0, 50, 100, 125, 150, 




Figure 4.5 Photographs for suspensions of silica particles with 𝑑 = 505 nm in aqueous 
NaBr solution with various particle weight fractions: for vials 1-4, 0.2, 0.5, 1.0, and 3.0 












Figure 4.6 Sedimentation times 𝑡𝑠 for suspensions of 0.5 wt% silica particles in aqueous 




regionII, 𝑡𝑠 is very sensitive to NaBr concentration, resulting in large error bars; see text 
for details and discussions of regions I, II, and III. 
 
Similar behavior was observed for the 750 nm and 350 nm particles, but the ranges 
of the concentrations for each region (Ι, ΙΙ, and ΙΙΙ) were slightly different; see Figure 4.6, 
C.2, and C.3. For both the 750 nm and the 350 nm particles, in region Ι, the concentration 
range was 0 ≤ 𝑐NaBr ≲ 50 mM. The observed 𝑡s-values were nearly the same as the ones 
predicted from Eq. (1-7). The suspensions had sharp fronts, and a uniform turbidity of the 
lower layer, suggesting insignificant agglomeration effects on the sedimentation rate. The 
ranges for region ΙΙ were 50 ≤ 𝑐NaBr ≤ 150 mM and 100 ≤ 𝑐NaBr ≤ 250 mM for the 750 
nm and the 350 nm particles, respectively. The sedimentation times, with large error bars, 
decreased as the salt concentration increased. The suspensions had diffuse fronts and 
non-uniformly turbid lower layers under clear supernatant layers. The results suggest that 
the agglomeration times and the sedimentation times were comparable, and the effects of 
the particle agglomeration on the sedimentation times were significant, probably due to 
the substantial energetic interactions between the particles. For the 750 and the 350 nm 
particles, region ΙΙΙ -type behavior was observed beyond 200 mM and 300 mM, 
respectively. The sedimentation times were 1.2±0.8 h, and 1.2±0.7 h. During the particle 
settling, two layers were observed: a white layer, which formed quickly at the bottom, 
and a diffuse front of a non-uniform turbid layer. The results suggest that the particles 
agglomerated so fast that large clusters formed before the particles settled out completely. 




is probably the reason why the 𝑡s-values were nearly independent of the initial particle 
sizes. 
In region ΙΙΙ, the following scenario appears likely. The particles agglomerated fast, 
producing dimers and higher agglomerates from the monomers on a time scale much 
smaller than the time scale for significant sedimentation. Then, in a second stage, the 
dimers that formed during the first stage agglomerated to form tetramers and other larger 
clusters, also on a time scale much smaller than the time scale for significant 
sedimentation. As the effective sizes of the fractal clusters rapidly increased, their 
sedimentation times also decreased. Hence, within a short time, the two processes 
become closely coupled due to fast agglomeration and sedimentation. We observed a 
similar behavior for titania suspensions which were destabilized by micellar depletion 
forces in Chapter 3, rather than by double layer screening effects. 
We have developed two simple models for predicting an upper bound of the 
agglomeration times, by considering the sequential formation first of only dimers, then of 
only tetramers, then of only octamers, etc, and their corresponding sedimentation times. 
A version of the first model for non-interacting spheres for a Fuchs-Smoluchowski 
stability ratio of 𝑊 = 1, was reported in Chapter 3. The model was tested with initially 
polydisperse suspensions of nonspherical titania colloidal particles. Here, we examine 
this model for initially monodisperse perfectly spherical silica particles, which is now 
consistent with the initial conditions assumed in the model. Moreover, we extend this 
model to describe interacting particles with different 𝑊 -values, as calculated form 





4.4.3 Zeta potential (𝜁) measurements 
The silica particles in water or in aqueous NaBr solution were negatively charged; 
see Table 4.1. In water, the 𝜁-potential was about -26, -18, and -14 mV, for the 750, 505, 
350 nm particles. For the 750 nm particles, the 𝜁 -potential varied little with NaBr 
concentration up to ca. 200 mM. No reliable measurements could be obtained at NaBr 
concentrations of 400-1000 mM, since the particles agglomerated too fast. For the 505 
nm particles, the 𝜁-potential also changed little with the salt concentration, with a small 
upward trend. For the 350 nm particles,  |𝜁|  increased a little to about 25 mV. The 
increase may be due to a larger relative adsorption of the anions on the particle surface 
than that of the cations. Even though the surfaces were negatively charged, it is still 
possible for anions to adsorb if the surface charges are far away from each other; see 
Table 4.2. As 𝑐NaBr increases, the 𝜁-potential remains nearly constant up to about 200 
mM NaBr. Since the 𝜁-potentials varied little with 𝑐NaBr at lower concentrations, it seems 
plausible that at higher concentrations, the 𝜁-potentials probably remained constant. We 
make this assumption later for some sample calculations.   
We calculated the surface charge density 𝜎 (C/m2), the area per surface ion ?̅? 
(nm
2
/ion), and the average distance between two neighboring ions on the surface 𝑑𝑖 (nm) 
on the basis of the assumption that the effective surface potentials 𝜓0 are equal to the 
respective zeta potentials 𝜁 . The calculations were done as described previously in 
Section 3.4.4.
27, 67
 The results are shown in Table 4.2. In water, for the 350 nm particles, 
the surface charge density is 𝜎 = -6.6×10-7 C/m2, the average area per molecule is ?̅? = 
240834 nm
2
, and the average distance between two neighboring ions is  𝑑𝑖 = 490 nm, 




values imply that most of the surface was uncharged. Hence, the solution anions could 
easily adsorb on the negatively charged surface, to make the particles more negatively 
charged, as we observed. As the concentration of NaBr increased, |𝜎| increased, but ?̅? 
and 𝑑𝑖 decreased substantially. At 𝑐NaBr = 200 mM, 𝜎 = -0.052 C/m
2
, ?̅? = 3.1 nm2, and 
𝑑𝑖 = 1.8 nm. Thus, even though the absolute surface potential (|𝜁| or |𝜓0|) was nearly 
constant, the absolute surface charge density (|𝜎|) may have increased. For this reason, 
the subsequent DLVO calculations were done only for the constant surface potential case.    
 
Table 4.1 Zeta potential (𝜁) of silica particles in aqueous solutions 
𝑐NaBr, mM 
𝑑, nm 
750 505 350 
0 -25.6±2.7 -17.7±1.6 -14.3±1.6 
50 -25.1±4.2 -20.1±4.0 -25.0±3.9 
100 -25.8±3.1 -19.9±4.1 -22.0±0.6 
200 -22.3±2.2 -22.8±3.3 -25.0±0.5 
400 N/A* N/A* N/A* 
600 N/A* N/A* N/A* 
1000 N/A* N/A* N/A* 
*At these high ionic strengths, no measurements could be obtained; see text for details. 
For the calculations of stability ratio 𝑊 for 𝑐NaBr =400-1000 mM (see Figure 4.11), 





Table 4.2 Surface charge density, the area per surface ion, and the average distance 
between two neighboring ions on the surface for the 750, 505, and 350 nm silica particles 
in water or in aqueous NaBr solutions 
 𝑐NaBr, mM 𝜎, C/m
2 ?̅?, nm2/ion 𝑑𝑖, nm 






50 -0.026 6.1 2.5 
100 -0.038 4.2 2.1 
200 -0.046 3.5 1.9 






50 -0.021 7.7 2.8 
100 -0.029 5.5 2.3 
200 -0.047 3.4 1.8 






50 -0.026 6.2 2.5 
100 -0.032 5.0 2.2 
200 -0.052 3.1 1.8 
 
4.4.4 Particle concentration effects on agglomeration and sedimentation 
To investigate the effects of particle concentration on particle agglomeration, which 
induces faster sedimentation, we measured the half times, to indirectly obtain the extent 
of agglomeration. The snapshots of the suspensions of the 505 nm particles with weight 
fractions of 0.002, 0.005, 0.01, and 0.03 at 𝑐NaBr = 50 mM (they are in region Ι for 𝑤 = 
0.005, but probably in region II or III for higher 𝑤) and 400 mM (this is in region III for 
𝑤 = 0.005) are shown in Figure 4.5. No concentrations in region ΙΙ for 𝑤 = 0.005 were 
tested, because the particle agglomeration rate was very sensitive to the NaBr 
concentration, and the error bars of the half times were deemed to be too large. Thus, it 
would be difficult to determine whether the particle agglomeration rate could be limited 




For 𝑐NaBr= 50 mM, at 1 min, all suspensions looked homogenous, and no sediment 
was clearly observed; see Figure 4.5(a). The suspensions with higher particle 
concentrations were more opaque. At 12 min, for 0.2, 0.5, and 1.0 wt%, no sharp fronts 
and no early sediment were observed. For 3.0 wt%, no clear front was observed but a 
white layer formed underneath a non-uniform turbid suspension. The formation of this 
white layer is probably due to more particles forming larger clusters that settled faster. At 
1 h, for 0.2, 0.5, 1.0, and 3.0 wt%, clear fronts were observed; for 1.0 and 3.0 wt%, white 
layers were also observed at the bottom.  After 10.5 h, all samples showed the formation 
of a white layer, and the fronts were moving at nearly the same rate. The results indicate 
that many large clusters formed and settled rapidly, while some monomer particles 
remained in the upper non-uniform turbid layer with little agglomeration, and settled at 
the same rate. The upper layers of the suspensions with the higher weight fractions were 
more transparent after the large clusters settled, suggesting that fewer particles remained 
unagglomerated in the upper layer than with the lower weight fractions. The results also 
imply that the particles agglomerated faster in the high-weight-fraction suspensions than 
in the low-weight-fraction suspensions. At 1.0 and 3.0 wt%, the suspensions shift from 
region Ι to region ΙΙ, suggesting that the concentration ranges for each regimes depend on 
the particle concentration. For 𝑐NaBr = 400 mM, similar trends were observed, but the 





4.5  Models for predicting net sedimentation half-times 
4.5.1 Overview of the models 
The key idea of these models is to predict the agglomeration time scale, 𝑡a𝑛 , for 
forming a cluster with 𝑛  particles (or monomers) and compare it to the intrinsic 
sedimentation half time of that cluster, 𝑡s𝑛, found from Eq. (1-7). As indicated, both 𝑡a𝑛 
and 𝑡s𝑛  depend on the number 𝑛  of monomers in a given cluster. As 𝑛  increases, 𝑡a𝑛 
increases, while 𝑡s𝑛 decreases. When 𝑡a𝑛 ≫ 𝑡s1, which is the sedimentation half time for 
the primary particles, the rate of agglomeration should be unimportant, and therefore, the 
net, or overall, sedimentation half time should be 𝑡s
∗ ≈ 𝑡s1. This case corresponds to 
region I of the experiments. Regions II and III correspond to 𝑡a𝑛 being less than 𝑡s1 and 
comparable to 𝑡s𝑛 for some high values of 𝑛, with such values being larger for region III. 
Then, the rate of agglomeration affects significantly the net rate of sedimentation. When 
𝑡a𝑛  and 𝑡s𝑛  are about equal, which should occur for some cluster size 𝑛 = 𝑛
∗ , 
agglomeration and sedimentation are closely related, and the net sedimentation half time 
𝑡s
∗ should be roughly equal to 𝑡a𝑛∗  and 𝑡s𝑛∗.  
For predicting 𝑡a𝑛 , an initially monodisperse system is considered, first for non-
interacting spherical particles (or hard spheres), and then for spherical particles 
interacting with DLVO-type attractive/repulsive forces. At short-enough times, 
agglomerating monomers first form only two-particle clusters, or dimers. Once dimers 
are present, further agglomeration leads to the formation of trimers, tetramers, pentamers, 
etc. Eventually, most of the monomers disappear; later, most of the dimers disappear too, 
and so on. We will invoke some simplifications, to allow for developing simple analytical 




Agglomeration is assumed to proceed only by collisions between two identical 
clusters (with 𝑛 = 𝑥) to form doublets (with 𝑛 = 2𝑥). In the first stage of agglomeration, 
essentially all the monomers (≈99%) form only dimers; no other cluster sizes are 
generated. At the beginning of the second stage, where only dimers are present, 
essentially all the dimers (≈99%) form only tetramers. Over time, octamers, 16-mers, and 
other 2𝑁m-mers, where 𝑁𝑚 is a positive integer, will form in a similar stepwise manner. 
For each step, we independently calculate the agglomeration time for monomers to form 
dimers only, dimers to form tetramers only, tetramers to form octamers only, etc. The 
agglomeration time for the formation of the  2𝑁m-mers is therefore assumed to be equal 
to the sum of the agglomeration times of all the preceding steps. Neglecting the collisions 
between two non-identical particles, and hence the formation of other clusters besides the 
2𝑁𝑚 -mers, should yield predicted agglomeration rates smaller than the actual 
agglomeration rates. Therefore, these models provide a lower bound to the agglomeration 
rate, or an upper bound to the agglomeration time.  
If agglomerates of all sizes are considered, one may also calculate the agglomeration 
times from the general population balance equation,
87
 but the suspensions will become 
quite polydisperse over time. Moreover, stratification, or position dependence of the 
cluster size distribution will result,
88
 and the differential settling, or the effect of 
sedimentation on the agglomeration rate, will need to be accounted. Then, wide 
distributions of 𝑡a𝑛 and 𝑡s𝑛 are obtained, and the value of 𝑡s
∗ becomes difficult to define. 
One would need to solve the Mason-Weaver equation coupled with the population 
balance, or to consider the agglomeration and sedimentation processes fully coupled. 




scope of this model. In the more general model, the assumption that the agglomeration 
and sedimentation processes occur sequentially with a uniform volume fraction can no 
longer be used. In our simple analytical model, we consider sequential formation of 
monodisperse clusters, and no dependence of the cluster size on position. Hence, our 
model presents a simplified description of the agglomeration/sedimentation process. 
To determine 𝑡a𝑛 and 𝑡s𝑛, we consider two cases. In the first case, every cluster is 
considered as an equivalent sphere with a fractal dimension 𝑑f =  3, in the so-called 
“coalescence” limit, even though the solid particles in the clusters do not coalesce. In the 
second case, no coalescence is assumed, and the clusters are described by a fractal 
model
71, 89
 with 𝑑f < 3. The intrinsic sedimentation half times of the fractal clusters are 
quite different from those of the equivalent spheres, since the fractal clusters have 
different effective diameters, than in the coalescence case with the same 𝑛, and smaller 
densities, as some solvent is occluded in the fractal clusters. The agglomeration times of 
each step are predicted from two models: (1) the classic Fuchs-Smoluchowski steady-
state model (SS model),
4, 62
 and (2) the more general unsteady-state diffusion model 
(USS model).
74
 The USS-model-predicted agglomeration rates are larger at short-times 
than those of the SS model, and the sedimentation times are shorter.   
 
4.5.2 Models of agglomeration and sedimentation 
4.5.2.1 Types of clusters and their intrinsic sedimentation half times 
An initially monodisperse suspension, in which the particles have a diameter 𝑑1 and 
a volume fraction 𝜙1, is considered.  In the coalescence limit, where compact clusters 
form, as dimers (𝑛 =  2) form, the effective diameter 𝑑2  is 2




volume fraction 𝜙2 is equal to 𝜙1. When the dimers form tetramers (𝑛 = 4), the effective 
diameter is 𝑑4 = 2
1/3𝑑2 = (2
2)1/3𝑑1 and the effective volume fraction is 𝜙4 = 𝜙2 = 𝜙1. 
In general, when n-mers form, their effective diameter 𝑑𝑛 , volume fraction 𝜙𝑛 , and 
density difference ∆𝜌𝑛 are 
 𝑑𝑛 = 𝑑1(𝑛)
1/3  (4-1)  
 𝜙𝑛 = 𝜙1  (4-2) 
 ∆𝜌𝑛 = ∆𝜌1 = 𝜌1 − 𝜌0  (4-3)  
where  𝑛 = 2𝑁𝑚 , with 𝑁𝑚 =  1, 2, 3, … etc, and 𝜌1  and 𝜌0  are the densities of the 
particles and suspension medium.  
For the non-coalescence case, the fractal model with a fractal dimension 𝑑f is used to 
predict 𝜙𝑛, 𝑑𝑛, and ∆𝜌𝑛,
71, 89-90
 
 𝑑𝑛 = 𝑑1(𝑛)
1/𝑑f  (3-6)  












  (4-4)  








𝑑f  (3-7) 
 When 𝑑f = 3, Eqs. (3-8), (3-9), and (4-4) reduce to Eqs. (4-1)-(4-3). For 𝑑f < 3, the 
density difference is significantly lower than ∆𝜌1, but 𝑑𝑛 and 𝜙𝑛 are larger than those for 
𝑑f =  3. In the fractal model, the clusters’ motion (diffusion and sedimentation) is 
assumed to be identical to that of a sphere with 𝑑𝑛 and ∆𝜌𝑛 given by Eqs. (3-8), (3-9), 
and (4-4).  
When diffusion effects are negligible, or when 𝑃𝑒g ≫ 1, the sedimentation half times 




sphere and a fractal cluster with the same value of 𝑛 have different settling rates. Since 
the density effect is weaker than the size effect on the sedimentation, the fractal clusters 
are predicted to settle more slowly than the equivalent spheres of compact clusters. If the 
gravitational Peclet number, Eq. (1-7), is much larger than 1 for the primary particles, it 
remains so for the all agglomerates, as shown by Eqs. (3-8), (3-9), and (4-4). 
 
4.5.2.2 Fuchs-Smoluchowski steady-state model of agglomeration (SS model) 
In the SS model, for both compact and fractal clusters, the time evolution of the 
monomer concentration, 𝑁1(𝑡), as predicted by the steady-state Smoluchowski model for 












  (4-5)   
For dilute enough suspensions, the effects of the initial particle concentration on the 
agglomeration kinetics can be neglected. The time for the primary particles to 
agglomerate “completely,” or when the monomer concentration drops to 1% of its initial 
value, is determined by setting 𝑁1(𝑡) = (
1
100
) 1(𝑡 = 0), which leads to 
 𝑡a2





We now consider the dimers, as they are the only remaining clusters present in the model, 
to be the new “primary particles,” in order to determine agglomeration times beyond 𝑡a2
SS. 
If the dimers are assumed to agglomerate to form only tetramers, we substitute 𝑑2 for 𝑑1, 














The total time to form only dimers in the first step and then only tetramers in the second 

















SS(1 + 2)  (3-10) 
Then, the time 𝑡𝑎𝑛
𝑆𝑆  to form n-mers, or specifically 2𝑁𝑚-mers, is found similarly 
 𝑡a𝑛
SS = 𝑡a2
SS(1 + 21 + 22 + 23 +⋯+ 2𝑁𝑚−1) = 𝑡a2
SS(𝑛 − 1)  (3-12) 
So far, we have considered the agglomeration of non-interacting spheres only. For 
interacting spheres, if the Fuchs stability ratio, 𝑊, is independent of the particle size, and 













  (4-7)  
Consequently, the individual agglomeration times simply increase by a factor of 𝑊, or 
 𝑡a𝑛
SS = 𝑡a2
SS(𝑛 − 1)𝑊  (4-8)  
 
5.5.2.3 Unsteady-state diffusion model of agglomeration (USS model) 
The time evolution of the monomer concentration for non-interacting spherical 






















. At long 
times (𝑡 ≫ 𝜏1) or for low values of 𝜙1, Eq. (4-19) reduces to Eq. (4-5). The time for the 
















  (4-10)  
The value of 𝑡a2
USS, which depends only on 𝑡a2
SS and 𝜏1, is the same for the coalescence and 
the fractal model. The dimer concentration 𝑁2(𝑡), when only tetramers form, can be 


















. The time for the dimers to agglomerate completely (by 99%) to form 






















  (4-12)  
where we have made use of Eq. (4-4). The time 𝑡a𝑛
USS to form 2𝑁𝑚-mers is thereafter equal 
to  
 𝑡a𝑛
























, and the summation is only for 𝑚 =1, 2, 4, 8, …, 
𝑛
2
.  The value of 𝑡a𝑛
USS 
depends not only on 𝑡a2
SS and 𝜏1, but also on 𝜏2, 𝜏4, ..., 𝜏𝑚. For this reason, the predicted 




different. Finally, Eq. (4-13) is rewritten as a function of the fractal dimension by using 
Eq. (3-8), 
 𝑡a𝑛
















𝑝=0   (4-14)  
For interacting spheres, if one assumes that the Fuchs stability ratio, 𝑊 , is 
independent of the particle size, and is the same for the coalescence and fractal models, 
the agglomeration times are given as follows (see Appendix C.) 
 𝑡a𝑛














𝑝=0   (4-15)  
While our models for 𝑡a𝑛  yields direct predictions for 𝑛 = 2
𝑁𝑚  only, we nevertheless 
generate predictions for other values of 𝑛  by interpolating between the obtained 2𝑁𝑚  
values. 
 
4.5.3 Sample calculations 
4.5.3.1  Monomer and clusters number densities, and agglomeration times 
Some sample calculations are shown for systems similar to some of our experimental 
systems, with 𝑑1 = 484 nm, ∆𝜌1 = 1.0 g/cm
3
, 𝜙1 = 0.0025 or 0.015, 𝜂 = 0.89 cP, 𝑇 = 
298 K, and 𝐿 = 1.8 cm. For the loose fractal clusters, the fractal dimension of 1.8 for 
diffusion-limited agglomeration was used.
71
  
The time evolution of the monomer, dimer, and tetramer number densities for 𝑊 = 1 
for the SS model is shown in Figure 4.7(a). For 𝜙1 = 0.0025, in the early stage of 




agglomerating. At  𝑡 = 𝑡a2
SS = 0.05 h, the monomer number density drops below 1% of its 
original value. Then dimers start forming tetramers. At 𝑡 = 𝑡a4
SS = 0.18 h, the tetramers 
start forming octamers, which do not themselves agglomerate until 𝑡a8
SS = 0.41 h. The time 
evolution of the monomer and the cluster number densities for the USS model at this 
value of 𝜙1, and at 𝜙1 = 0.015 for the SS and USS models are shown in Figure C.4 and 
C.5.  
The agglomeration times, 𝑡a𝑛
SS, or 𝑡a𝑛
USS/C
 for the compact clusters, or 𝑡a𝑛
USS/F
 for the 
loose fractal clusters, are shown in Figure 4.7(b). The variation of log (𝑡a𝑛) with log (𝑛) is 
quite linear. For the SS model and the same 𝑛, the agglomeration times are the same for 
the compact and fractal clusters. By contrast, for the USS model, the predicted 
agglomeration rates for the fractal clusters are slightly faster. In general, the 
agglomeration times are smaller for the USS model than for the SS model. For 𝜙1 = 
0.0025, 𝑡a2
SS ≅ 𝑡a2
USS ≅  0.05 h for both types of clusters. The differences among the 
predicted agglomerations times from the four cases (SS/compact, SS/fractal, 
USS/compact, USS/fractal) become larger with increasing 𝑛. For 𝑛 = 32, 𝑡a32
SS   = 1.64 h, 
vs 𝑡a32
USS/C
 = 1.61 h and 𝑡a32
USS/F
 = 1.56 h. For 𝑛 = 512, 𝑡a512
SS  is 27.08 h, vs 𝑡a512
USS/C
 = 26.46 h 
and 𝑡a512
USS/F
  = 23.52 h. The agglomeration times decrease strongly with increasing 𝜙1; 𝑡a2
SS 
(𝜙1 = 0.015) ≅ 0.01 h vs 𝑡a2
SS(ϕ1 = 0.0025) ≅ 0.05 h. For the USS/compact model, 𝑡a𝑛
USS 
increases with n more strongly than for the USS/fractal model.  
As mentioned earlier, for the same 𝑛, the compact clusters are  smaller than the 
fractal clusters, and hence the time for the clusters to reach a diameter 𝑑𝑛 differs for the 




are 3.34 h, 3.26 h, 1.31 h, and 1.27 h, for the SS/compact, USS/compact, SS/fractal, and 







Figure 4.7 (a) Time evolution of monomer, dimer, tetramer, and octamer number 
densities with 𝑑1 = 484 nm, 𝑊 = 1, and 𝜙1 = 0.0025 for the SS models and the compact 
(𝑑f = 3.0) or fractal (𝑑f = 1.8) clusters. (b) For particles with 𝑑1 = 484 nm, 𝑊 = 1, and 𝜙1 
= 0.0025 (black) or 0.015 (grey), agglomeration times 𝑡a𝑛 predicted by the SS/compact, 
SS/fractal, USS/compact, and USS/fractal models. The models only predicts 𝑡a𝑛 for 𝑛 = 1, 




4.5.3.2 Overall (or net) sedimentation half times 
Whereas the cluster agglomeration time 𝑡a𝑛 increases with increasing 𝑛, the intrinsic 
sedimentation half time 𝑡s𝑛  decreases; see Figure 4.8(a). The overall predicted 
sedimentation half times 𝑡s
∗ and the cluster sizes for 𝑛 = 𝑛∗ for which 𝑡a𝑛 = ts𝑛 are quite 
different for the four cases. For the SS/compact and USS/compact cases, the times 𝑡s
∗ are 
1.72 h (point A) and 1.71 h (point B), respectively; the cluster sizes are about the same, 
ca 1600 nm. For the SS/fractal and USS/fractal cases, the sedimentations times are 3.02 h 
(point C) and 2.93 h (point D), and the cluster sizes are about 4300 nm and 4500 nm.  In 
general, the predictions of the overall sedimentation half times are in the order SS/fractal 
> USS/fractal > SS/compact > USS/compact. The predictions of the cluster sizes are in 
the order USS/fractal > SS/fractal > USS/compact > SS/compact. The USS/fractal model 
should provide the most accurate predictions, and was chosen for further calculations and 
comparison with our experimental data.  
For interacting particles, as 𝑊  increases, the agglomeration time increases 
dramatically, resulting in an increase in the overall sedimentation time; see Figure 4.8(b). 
For the USS/fractal model, as 𝑊 increases from 1 to 1000, 𝑡s
∗ increases from 2.93 h to 
16.40 h. At 𝑊 ≥ 104 , ts
∗  reaches the limit of 𝑡s1 = 17.41 h for 𝑊 → ∞. Under such 











Figure 4.8 Agglomeration time 𝑡a𝑛 and intrinsic sedimentation time 𝑡s𝑛 for 𝜙1 = 0.0025 
and clusters of size 𝑑𝑛 for the four models. The respective intersections, where they are 
equal, represent the values of 𝑑𝑛∗ for 𝑛 = 𝑛
∗ and the net sedimentation half times 𝑡s
∗. (a) 
𝑊=1: point A, SS/compact model; point B, USS/compact model; point C, SS/fractal 
model; point D, USS/fractal model, (b) USS/fractal model and various 𝑊: point D, 𝑊 =1; 





4.5.4 Calculation of Fuchs-Smoluchowski stability ratio with the measured ζ −values 
The DLVO potential ΦDLVO between two identical spheres with a diameter 𝑑 is the 
sum of the attractive and the repulsive potential energy 4, 62 






























dℎ  (3-5) 
The non-retarded Hamaker constant for amorphous silica particles in water was 
reported to be in the range of 1.6 to 4.8 zJ (10-21 J) from the Lifshitz theory, by using 
either full spectral data, or the Tabor-Winterton approximation, or a single oscillator 
model, or a simple spectral method.
5, 7, 9
 The silica density used in these calculations was 
a little higher (by about 9%) than the density of the silica particles used here. Thus, the 
effective Hamaker constants for our silica particles were adjusted by the density ratio to 
1.5-4.4 zJ.
4
 𝑊-values were calculated for particles in water or aqueous NaBr solutions for 
three values in the above range of the Hamaker constants; see Figure 4.9. For  0 ≤
𝑐NaBr ≤ 200 mM, the values of the surface potentials used were the experimental values 












Figure 4.9 Fuchs-Smoluchowski stability ratios 𝑊  for the silica particles dispersed in 
aqueous NaBr solutions at three values of the effective Hamaker constant 𝐴, 1.5, 3.0, and 




measured 𝜁 potentials (see Table 4.1) for cNaBr = 0-200 mM (filled symbols); for 𝑐NaBr > 
200 mM (open symbols), the 𝜁-potential values of 𝑐NaBr  = 200 mM were used. The 
particle diameters obtained from SEM used were. (a) For the 750 nm silica, 𝑑 = 748 nm; 
(b) for the 505 nm silica, 𝑑 = 484 nm; (c) for the 350 nm silica, 𝑑 = 350 nm. 
 
For the 750 nm particle in water, 𝑊 was very large, about 10107, for any value of 𝐴 in 
this range, implying that the particles must be completely stable against coagulation; see 
Figure 4.9(a). With increasing NaBr concentration, as the particle charges are screened, 
𝑊 decreases dramatically, resulting in more rapid particle agglomeration, and depends 
strongly on the chosen value of 𝐴. At 𝑐NaBr = 200 mM and for 𝐴 = 1.5, 3.0, and 4.4 zJ, 
𝑊 = 1.2×10^34, 1.2×1018, and 4.6×107. At 𝑐NaBr = 1000 mM, 𝑊 drops to about 1 for 
𝐴 = 3.0 or 4.4 zJ, indicating that the particles should agglomerate as fast as hard sticky 
spheres. For 𝐴 = 1.5 zJ, W is much higher, 5.3×1014. These results are consistent with the 
predicted potential energy barrier, 40 𝑘B𝑇 for 𝐴 = 1.5 zJ and zero for 𝐴 = 3.0 or 4.4 zJ; 
see Figure C.7. For the other particles, the 𝑊-values show the same trends; see Figure 
4.9(b) and Figure 4.9(c).  
The available methods for determining 𝐴  ignore many-body effects, retardation 
effects, anisotropy of the dipoles, and other effects. Hence, the calculated values of 𝑊 
seem to have little predictive value for silica, except for the trends with ionic strength. By 
comparing the settling time estimated from the USS/fractal model with the calculated 𝑊-
values to the observed settling time, one might be able to estimate the possible values of 





4.5.5 Comparison between modeling predictions and data 
For the USS/fractal model, the sedimentation half times 𝑡s
∗  for 𝑤  = 0.005 (𝜙1 = 
0.0025) with various values of 𝑊 were calculated; see Figure 4.10. At 𝑊 = 1 and for the 
750, 505, and 350 nm particles, 𝑡s
∗ = 2.42, 2.93, and 3.47 h. The respective values of 𝑛 
were quite high; 𝑛 ≅  12, 55, and 163; moreover, 𝑑𝑛 ≅  3000, 4500, and 5900 nm; 
𝛥𝜌𝑛 =0.19, 0.069, and 0.034 g/cm
3
; and 𝜙𝑛 ≅ 0.013, 0.036, and 0.075, respectively. 
When 𝜙𝑛 ≳ 0.05, cluster concentration effects, which are ignored here, may become 
important. The density differences of the large clusters are much smaller than 𝛥𝜌1 , 
because the clusters are loose, and occlude a lot of solvent. Among the three particle sizes, 
the 350 nm particles agglomerate the fastest to form the largest clusters, since they 
collide more frequently than the larger ones. Those clusters occlude the most solvent and 
hence they have the smallest Δ𝜌𝑛-value and the largest 𝜙𝑛-value. The size effects balance 
somewhat the density effects. Hence, the 𝑡s
∗-values differ from each other by less than the 
𝑡s1-values of 7.40, 17.45, and 33.36 h. At 𝑊 = 10 and for the 750, 505, and 350 nm 
particles, 𝑡s
∗ =4.59, 6.09, and 6.99 h; 𝑛 ≅ 3, 11, and 33; 𝑑𝑛 ≅ 1400, 1800, and 2600 nm; 
𝛥𝜌𝑛 =0.49, 0.21, and 0.096 g/cm
3
; 𝜙𝑛 ≅ 0.0051, 0.012, and 0.026, respectively. As 𝑊 
increases, the 𝑡s
∗-values increase. The particles form smaller clusters with higher density 
differences. When 𝑊 is about 100, 1000, and 5000 for the 750, 505, and 350 nm particles, 
𝑡s
∗-values reach the limit of 𝑡s1, suggesting that a higher value of 𝑊 is needed to prevent 






Figure 4.10 Predicted overall (or net) sedimentation half times are plotted with various 𝑊 
for the 350 nm, the 505 nm, and the 750 nm silica particles at 𝑤𝑆iO2 = 0.005. 
 
The sedimentation half times 𝑡s
∗ predicted from the USS/fractal model are compared 
to the experimental data 𝑡s  in Figure 4.11(a)-(c). The measured zeta potentials and 
several possible values of 𝐴 were used. For the 505 nm particles with 𝑤𝑆iO2  = 0.005 in 
region I, the 𝑡s
∗ value was fairly consistent with the experimental data of 18.3 h, and the 
particles remained non-agglomerated during the sedimentation. For 𝑐NaBr = 0 or 50 mM, 
it was found that 𝑡s
∗ = 𝑡s1 = 17.4 h and 𝑑𝑛 = 𝑑1 = 484 nm for  𝐴 = 4.4, 5.2 and 5.8 zJ. 
In region II, the 𝑡s
∗ values were quite different from the observed data, which had large 
error bars. The sedimentation half times were sensitive to the NaBr concentration and to 
the chosen Hamaker constant value, and hence to the stability ratio. For 𝑐NaBr = 200 mM 
and 𝐴 = 4.4, 5.2 and 5.8 zJ, 𝑡s
∗ was found to be 17.5, 11.2 and 3.5 h, vs. the observed data 
of 5.0 h. In region III, the model over-predicted the sedimentation half times, as expected, 
but still indicated that the particles agglomerated rapidly, forming large clusters, and 
settled rapidly. For 𝑐NaBr ≥ 400 mM, 𝑡s




5700 nm, much larger than 𝑑1. The 𝐴-value that best fits the data in all regions is about 
5.2 zJ, which is out of the range of the reported values as adjusted. The reason is unclear, 
but may be related in part to the underestimation of the agglomeration rate in the model. 
The predicted trends of 𝑡s
∗ in all regions were, however, similar to the experimental ones; 
namely, a constant 𝑡s
∗ ≅ 𝑡s1 in region I, a decrease in 𝑡s
∗  with an increase in the ionic 
strength in region II, and a small, nearly, constant 𝑡s
∗ in region III. Similar results were 
found for the 750 nm and 350 nm particles, with rough estimates of 𝐴 values which fit 












Figure 4.11 For the 750 nm (b), the 505 nm (c), and the 350 nm (d) silica particles at 
𝑤SiO2 = 0.005, the measured (black line) and the predicted (grey line) sedimentation half 
times are plotted for various NaBr concentrations. 
 
The sedimentation half times 𝑡s
∗ for the 505 nm particles with various values of 𝑤𝑆iO2 
and 𝑊 were calculated with the USS/fractal model. As 𝑤 increased, 𝑡s
∗ decreased, and the 
limit of 𝑊 where 𝑡s
∗ approaches 𝑡s1 increased (Figure 4.12). This 𝑊-limit was about 300, 
1000, 2000, and 5000 for 𝑤𝑆iO2 = 0.002, 0.005, 0.01, and 0.03. The results suggest that at 
a given 𝑊 and at a higher 𝑤𝑆iO2 the particles tend to agglomerate and sediment faster; 
hence a higher 𝑊 is needed for the particles to remain non-agglomerated at the higher 
particle concentration. For 𝑤 = 0.002, 0.005, 0.01, and 0.03, and 𝑊 = 1, 𝑡s
∗ = 3.87, 2.94, 
2.40, and 1.60 h; 𝑛 ≅ 28, 55, 87, and 216; 𝑑𝑛 ≅ 3200, 4500, 5800, and 9600 nm; 𝛥𝜌𝑛 ≅ 
00.10, 0.069, 0.051, and 0.027 g/cm
3
; 𝜙𝑛 ≅  0.0096, 0.036, 0.098, and 0.54. In this 





values may not be realistic without explicit consideration of particle volume fraction 
effects. 
The trend of 𝑡s
∗ with 𝑤𝑆iO2  is consistent with the observed formation of the white 
sediment layers, but does not account for the remaining particles in the turbid supernatant 
layer; see Figure 4.5. This is because the sedimentation process in the model is assumed 
to occur after the agglomeration process, during which the volume fraction is assumed to 
remain uniform. The particle volume fraction decreases, however, after some particles 
sediment. and Tthen the remaining particles agglomerate and sediment more slowly.  
 
 
Figure 4.12 Predicted overall (or net) sedimentation half times are plotted as a function of 
stability ratio 𝑊 for the 505 nm silica particles at various particle concentration 𝑤SiO2 = 
0.002, 0.005, 0.01, and 0.03. 
 
4.6  Conclusions 
The sedimentation half times 𝑡𝑠 of monodisperse silica nanoparticles of diameters 𝑑 




water, in ethanol, or in NaBr aqueous solutions of concentrations ranging from 50 to 
1000 mM. The sedimentation half times of the suspensions of the 750, 505, and 350 nm 
silica particles with 0.5 wt% in water or in ethanol are around 8 h, 18 h, and 33 h. These 
values agree with the intrinsic sedimentation half times, 𝑡s1, predicted from Stokes law. 
These suspensions upon settling show a sharp front of an upper clear supernatant layer 
and a lower uniformly-turbid layer. Hence the particles are monodisperse and remain so 
during sedimentation, and the diffusion effects are negligible. In water, the suspensions 
with 𝑤𝑆iO2 =  0.001 to 0.03 have clear fronts, and settle at the same rate. The 
sedimentation half times are independent of 𝑤𝑆iO2, implying that there are no significant 
hydrodynamic or attractive interparticle interactions.  
In NaBr solutions, the suspensions show three types of settling behavior at three 
regions of NaBr concentrations. The ranges of the NaBr concentrations for each region 
change with the particle concentration. In region I , at low NaBr concentrations, the 
particles settle with a sharp front between a clear upper supernatant layer and a uniformly 
turbid lower layer. The sedimentation times are the same as at no salt conditions. The 
results suggest that the particles sediment before any significant agglomeration occurs. In 
region II, the particles settle with a sharp or a diffuse front, and a non-uniformly turbid 
lower layer. The sedimentation times decrease with increasing NaBr concentration, and 
have large error bars, being sensitive to the NaBr concentration. This decrease is due to 
the particle agglomeration induced by double layer screening effects, and hence the 
sedimentation rates are strongly dependent on the agglomeration rates. At even higher 
NaBr concentrations, in region III, 𝑡𝑠 is independent of the NaBr concentration. Some 




particles remain unagglomerated, or agglomerate relatively slowly, to create a diffuse 
front and a non-uniform suspension. In this region, the sedimentation half times are quite 
close to each other for the three particle sizes than those in region I. The results suggest 
that agglomeration is much faster than sedimentation, and the settling clusters are much 
larger than the primary particles. Moreover, the effective density differences become 
much smaller, and the volume fractions become much larger. In addition, the particle 
concentration strongly affects the rate of particle agglomeration, and therefore the overall 
rate of sedimentation.  
Two new models are presented for dilute suspensions to predict the agglomeration 
time, 𝑡a𝑛, that it takes to form a cluster with 𝑛 primary particles. We examine four cases: 
SS/compact, SS/fractal, USS/compact, and USS/fractal. The agglomeration times are 
compared to the intrinsic sedimentation half times of that cluster, 𝑡s𝑛, found from Stokes 
law. At a certain cluster size of 𝑛 = 𝑛∗ where 𝑡a𝑛∗ = 𝑡s𝑛∗, the net sedimentation half time 
𝑡s
∗  should be therefore roughly equal to 𝑡a𝑛∗  and 𝑡s𝑛∗ . Several simplifications and 
assumptions are used in the models, in order to obtain analytical expressions for 𝑡an: (1) 
only clusters of size 2𝑁𝑚  are considered; (2) the clusters are described by a fractal model; 
(3) the particles do not settle during the agglomeration; (4) the agglomeration and the 
sedimentation processes occur sequentially.  The models underestimate slightly the 
agglomeration rate and provide an upper bound of the agglomeration time, and hence an 
upper-bound of the net sedimentation half time. In the models, the clusters are described 
with a fractal model with a fractal dimension, 𝑑f. We use two examples, 𝑑f = 1.8 for 




compact clusters, or the coalescence limit, even though the solid silica particles used here 
do not coalesce.    
The USS/fractal case should be the most accurate and the most relevant to our 
experimental data. In region I, 𝑡s
∗ is equal to 𝑡s1. The particles remain non-agglomerating 
while settling. In region II, 𝑡s
∗  decreases with increasing NaBr concentration, and is 
sensitive to the stability ratio 𝑊, which depends on the Hamaker constant and the NaBr 
concentration. During the sedimentation, the particles form medium-size clusters, and 
their sedimentation rates are strongly affected by the agglomeration rates. In region III, 𝑡s
∗ 
is nearly constant and is independent of the NaBr concentration, since at a short time the 
particles form large clusters which settle rapidly. Moreover, 𝑡s
∗ decreases as the particle 
weight fraction 𝑤 increases. Hence, at higher 𝑤𝑆iO2, the particles agglomerate faster, and 
then settle faster. Although the model provides only an upper bound for the 
agglomeration time, and hence over-predicts somewhat the sedimentation half time, the 
trend of the sedimentation half time with salt concentration is consistent with the trends 
of the data. The models can be used in predicting the sizes of the clusters, their 




5. EFFECT OF TRITON X-100 ON THE STABILITY OF TITANIA 
NANOPARTICLES AGAINST AGGLOMERATION AND SEDIMENTATION: 
A MASKED DEPLETION EFFECT 
5.1 Abstract 
The sedimentation half-times 𝑡sof suspensions of commercial polydisperse titania 
particles in aqueous Triton X-100 (TX100) solutions with concentrations 𝑐TX100 ranging 
from 0.05 to 250 mM were measured. Three regions of TX100 concentrations with 
different settling behavior were observed. In region A, or for 𝑐TX100 below its cmc (ca. 
0.24 mM in water at 25 ℃), the 𝑡s-values increased with the surfactant concentration. In 
region B, or for cmc < 𝑐TX100 < 𝑐
∗∗ , where 𝑐∗∗  was determined to be 20 mM 
experimentally, the 𝑡s-values did not vary with the surfactant concentration. In region C, 
or for 𝑐TX100 > 𝑐
∗∗, the 𝑡s-values increased because the viscosity of the micellar solution 
increased with the concentration. The surface densities of TX100 molecules on the 
particle surfaces were measured to probe the steric interactions resulting from the 
adsorbed surfactants. The adsorbed densities on the particle surfaces, which are presumed 
to be hydrophilic, were found to be much smaller than those on hydrophobic surfaces, as 
expected. They would still induce strong steric interactions, preventing the particles from 
agglomerating. No viscosity effect was observed in regions A and B. In region C, the 




agglomeration, resulting in a weaker micellar depletion effect. The corrected half-times, 
which are the measured half-times divided by the relative viscosities, decreased slightly 
at the higher concentrations of about 160 mM in region C. This decrease suggests the 
formation of particle-particle clusters, and unmasks the micelle-induced depletion effect. 
In addition, the DLS data support our inference that those agglomerates, in region C, are 
flocs, which can be deagglomerated with some mild agitation. Furthermore, we applied 
one of our recently published models of sedimentation and agglomeration
91
 (see Chapter 
5) to estimate the effective Fuchs-Smoluchowski stability ratio 𝑊  of the suspension 
against flocculation;  𝑊 was found to be over 106 at 𝑐TX100 <160 mM and ca. 500 to 
1000 at 𝑐TX100 >160 mM, supporting the hypothesis of a depletion-induced flocculation 
which is masked by the solution viscosity. 
 
5.2 Introduction 
In colloidal suspensions, one may add surfactants or polymers as dispersants or 
stabilizers to keep the colloidal particles from agglomerating, and then from faster 
settling, by providing either electrostatic stabilization, or steric stabilization, or both. An 
excess concentration of colloidal-size additives may, however, induce strong depletion 
interactions between the larger colloidal particles, resulting in significant flocculation 
(easily reversible agglomeration), and hence in faster particle settling. Attractive 
depletion forces between the larger particles are caused by the exclusion of nonadsorbing 
colloidal depletants, including nanoparticles, micelles, or polymers, from the gap between 




and the bulk solution produces an unbalanced osmotic pressure, which yields a net 
attractive force between the large particles.
92
 
Depletion effects have been studied for over 100 years, and more extensively in the 
last 30  years, both theoretically and experimentally.13, 16, 19, 92-94 Various materials, 
including spherical rod-like or disk-like nanoparticles, polymers, polyelectrolytes, and 
micelles, have been used as depletants.
20-22, 24, 27, 83, 95-100
 Much remains to be understood, 
qualitatively and quantitatively, of their effects on agglomeration and how they may 
induce faster sedimentation. The sedimentation caused by flocculation is used widely in 
separation processes.
101-105
 For one example, Vandamme et al. has reported the use of 
flocculation as a low-cost method for harvesting microalgae for bulk biomass 
production.
101
 Much of the literature on depletion effects has focused on models for 
describing the depletion forces quantitatively, the effects of the types of the particles and 
depletants used, and their applications. To our knowledge, little work has been reported 
focusing specifically on how those flocs affect qualitatively the sedimentation rate in 
depletant solutions.
27
   
In Chapter 3, we examined the effect of an anionic surfactant, sodium 
dodecylsulfate (SDS), on the stability of suspensions with polydisperse titania particles 
(𝑑TiO2 ≅ 280±100 nm) against agglomeration and sedimentation in water or in 100 mM 
NaCl solution. The main motivation was to stabilize white pigments, i.e. titania particles, 
against sedimentation, which would improve the use of white inks in ink-jet printers. 
Based on the relative agglomeration and sedimentation rates, the suspensions were 
categorized into three regions: (1) region 1, where 𝑐SDS < cmc , (2) region 2, where 
cmc < 𝑐SDS < 𝑐




region 3, where 𝑐SDS > 𝑐
∗ . In region 1, with increasing surfactant concentration, the 
particles became more stable against agglomeration, and in turn, more stable against 
sedimentation, due to the increasing strength of electrostatic, and probably steric, 
repulsive interactions. As the surfactant concentration reached the cmc, at which the 
adsorption of the surfactant monomers on the particle surfaces was maximized, no 
agglomeration occurred in the suspensions, since the repulsive interactions overcame the 
attractive van der Waals (vdW) attractive interactions. Therefore, the particles settled 
with their intrinsic settling rates and the sedimentation half-time 𝑡s, defined as the time 
for nearly all the particles to settle by half height of the suspension, was about 45 h. In 
region 2, the sedimentation half-time remained the same. The monomers and micelles did 
not slow down further the sedimentation, nor did they induce significant particle 
agglomeration that would have caused the faster sedimentation. In region 3, the high 
concentration of the micelles induced significant depletion interactions between the 
particles, yielding fast flocculation. Those flocs, or easily reversible agglomerates, 
sedimented in much shorter times about 1 to 2 h. 
In this chapter, we examine the effect of a nonionic surfactant, Triton X-100 
(TX100), on the stability of the same titania particles in water against sedimentation and 
agglomeration. TX100 molecule has a hydrophilic polyethylene oxide chain and an 
aromatic hydrocarbon hydrophobic group. It is one of the most widely used nonionic 
surfactants in many household and industrial products, as a dispersant or a wetting agent, 
due to its biodegradability and its good performance across a broad temperature range.
106-
108
 By comparing the behavior of this nonionic surfactant with SDS, we observe many 




sedimentation rates with increasing surfactant concentration (Section 5.4.1), larger 
viscosity effects (Section 5.4.2), smaller surface densities of the surfactant adsorbed on 
the titania particles (Section 5.4.3), and a worse initial dispersibility of the particles 
(Section 5.4.4). Most importantly, a weaker depletion effect is inferred, which still results 
in some flocculation. The depletion effect is not immediately apparent, however, because 
it is masked by the high solution viscosity. To better understand the sedimentation time 
data and establish this hidden depletion effect, we use the model of sedimentation and 
agglomeration, which we published previously
91
 and presented in Chapter 4, to predict 
the half-times of the sedimentation, and compare the predictions to the data. 
 
5.3 Experimental methods 
5.3.1  Materials and some key properties  
Rutile titania particles were obtained from Huntsman, and were used as received. 
They have a purity of 95 wt%, a nominal particle diameter of 260 nm and a density of 
4.1g/cm
3
. The particles were characterized as detailed in Chapter 3. They were quite 
polydisperse with diameters 𝑑𝑇𝑖𝑂2 = 280±100 nm, as determined from SEM (scanning 
electron microscope) images; see Figure 3.1. Ultrapure water was obtained from a Milli-
Q water system (from Millipore), which uses distilled water as input. Triton X-100 
(TX100), which is a mixture of 4-t-octylphenoxyethoxyethanols with an average 
molecular weight of 625 daltons (g/mole), was purchased from Sigma-Aldrich (MO, 
USA) and was used without further purifications. Its chemical formula is 
(CH3)3CCH2C(CH3)2C6H4O −  (CH2CH2O)𝑝H  with an average number 𝑝  of ethylene 
oxide (EO) groups of 9.5. Its density is 1.065 g/cm
3




and the most abundant components have an 𝑝 -value of 7-10.109 The critical micelle 
concentration (cmc ) in water at 25  ℃  is 0.23±0.01 mM, and the (average) micelle 
aggregation number is report to be about 105.
110-111
 The partial specific volume in water 
is 0.9125 mL/g at 20 ℃ (density =1.096 g/cm3 ).112 The micelles have been shown with 
SANS (small angle neutron scattering) to have an oblate spheroidal shape with two equal 
half axes 𝑎 = 𝑏 =  5.2 nm, and the third axis 𝑐 =  2.9 nm.113 These values include a 
degree of hydration of 1.18 g of water per gram of surfactant. The hydrodynamic 
diameter is about 8 nm in water at 25 ℃ for 𝑐TX100 ≤ 50 mM. The micelle size grows 
with increasing concentration, temperature, and ionic strength; in addition, micelle 




5.3.2  Method for preparing aqueous suspensions 
The suspension media were aqueous TX100 solutions with various surfactant 
concentrations 𝑐TX100, from 0.05 to 250 mM, or equivalently 0.22 to 1087 times the cmc. 
Titania suspensions were prepared with 1 wt% titania particles in aqueous TX100 
solutions by adding the pigment particles to each suspension medium. Each suspension 
was first shaken by hand, and then stirred magnetically for 30 min , followed by 
sonicating for 3 h in a Branson 3510 sonication bath at a frequency of 40 kHz.  All the 
samples were prepared at room temperature, which was 25±2 ℃. 
 
5.3.3 Sedimentation half-times of titania particle suspensions 
The stability against sedimentation was monitored visually by measuring the height 




suspension, as the particles settled. The half-time of sedimentation (𝑡s) was determined, 
for a standard sample with an initial height of 1 cm, at a front height of ℎ = 0.5 cm.27 All 
experiments were done at room temperature. 
 
5.3.4 Viscosity measurements  
The viscosities of the suspension media were measured with a series of calibrated 
Cannon-Fenske viscometers (no. 25, no. 50, no. 100) at 25 ℃. The series of viscometers 
are suitable for viscosity values of 0.5 to 15 cP. At least five measurements were done for 
each sample, and the averages and the standard deviations were calculated.  
 
5.3.5 Dynamic light scattering (DLS) measurements  
The average hydrodynamic diameter, 𝑑h, of the titania particles was measured at 
25  ℃,  with a Brookhaven ZetaPALS dynamic light scattering instrument. The 
wavelength used in the measurement was 659 nm, and the scattering angle was 90°. The 
suspension was first homogenized gently by hand, and then diluted with the respective 
suspension medium or with water to a weight fraction of 5x10
-6
 (0.0005 wt%). The 
dilution was needed to avoid excessive light scattering. 
 
5.3.6 Surfactant adsorption studies 
The adsorbed densities of TX100, 𝛤TX100 , on the titania particles at 25  ℃.  were 
determined as follows. The particles were equilibrated with a TX100 solution, which had 
surfactant concentrations ranging from 0.02 to 0.98 mM, for at least 24 h. Then, the 
suspensions were centrifuged at ca. 18,000 𝑔0, where 𝑔0 = 9.8 m/s
2




Beckman Coulter Microcentrifuge until there were few or no particles left in the 
supernatant, as confirmed visually and with DLS data. The final TX100 concentration, 
𝑐TX100,f, in each supernatant solution was determined by using a Cary 300 UV-visible 
spectrophotometer at a wavelength of 274 nm. The 𝑐TX100,f-values were then used to 
calculate the steady-state adsorption surface densities of TX100 with specific surface area 
of 12.2 m
2
/g obtained from BET (Brunauer-Emmett-Teller) method. 
 
5.4 Experimental results and discussion 
5.4.1 Effect of Triton X-100 concentration on sedimentation half-times 
The sedimentation half-times, 𝑡s, were measured for the suspensions of 1 wt% titania 
particles as a function of the TX100 concentration, 𝑐TX100; see Figure 5.1. Three regions 
were identified. In region A, for 𝑐TX100 < cmc, the half-time increased with increasing 
TX100 concentration from 2±1 h to about 30±9 h. In this region, the surfactant played a 
major role in slowing down the sedimentation, probably by stabilizing the particles 
against some agglomeration.
27, 91
 We previously showed in the SDS study, however, that 
if these polydisperse titania particles were non-agglomerating, they will have a maximum 
half-time of around 45±2 h. The smaller maximum half-time and its larger standard 
deviation observed in this study may be due to a poorer dispersibility provided by TX100 
molecules. Some evidence from DLS data support this inference; see Section 4.4.4. Thus, 
for this surfactant, the reference maximum half-time is 30 h. In region B, for cmc <
𝑐TX100 < 𝑐
∗∗, where 𝑐∗∗ was found to be around 20 mM, the value of 𝑡s varied little with 




the micelles played no role in either slowing down or accelerating the particle 
sedimentation, as observed and identified in region 2 in the SDS study.  
In region C, for 𝑐TX100 ≥ 𝑐
∗∗,  the half-time increased with increasing surfactant 
concentration from about 30 h at 𝑐TX100 = 20 mM to about 142 h at 𝑐TX100 = 250 mM. 
The presence of excessive concentrations of TX100 micelles seems to provide a strong 
resistance against particle sedimentation. This behavior differs from what was observed 
at high micelle concentrations, or region 3, in the SDS study, in which we observed that 
the SDS micelles introduced strong attractive depletion interactions and destabilized the 
particles to form large flocs, which settled in 1 to 2 h. By contrast, there was no readily 
apparent depletion effect arising from the TX100 micelles at high micelle concentrations.  
Initially, and given the observed behavior in region C, one may infer that depletion 
effects are non-existent, or at least unimportant, for these nonionic surfactant micelles. 
This conclusion, however, contradicts various literature results for this nonionic 
surfactant with other types of particles. Ma reported a depletion destabilization of the 
suspensions with polystyrene particles with diameters of 795, 562, or 300  nm  at 
𝑐TX100 ≅ 20, 40, and 50 mM, respectively, at 30 ℃ , as determined with UV-Vis 
spectrophotometry.
89
 Degiorgio et al. also observed settling of some polystyrene latex 
particles, dispersed in aqueous TX100 solutions, resulting from the micelle-induced 
depletion effects.
113
 It is noted, however, that our initial analysis of the sedimentation 
times does not take into account the effects of viscosity. We now examine possible 








Figure 5.1. Effect of Triton X-100 concentration on the half-time of sedimentation, 
region A, 0 < 𝑐TX100 < cmc , where cmc =  0.24 mM; region B, cmc < 𝑐TX100 < 𝑐
∗∗ , 
where 𝑐∗∗ = 20 mM; region C, for 𝑐TX100 > 𝑐
∗∗ . Close squares: actual data of 
sedimentation half-times 𝑡s; open blue triangles: corrected sedimentation half-times 𝑡s
I ; 
open red diamonds: secondarily-corrected sedimentation half-times; see text for details 
and Figure 5.2 for viscosity data. The lines are aimed to aid the eye. 
 
5.4.2  Viscosity measurements of aqueous Triton X-100 solutions 
The viscosity 𝜂 of aqueous TX100 solutions was found to increase significantly with 
increasing concentration of TX100, 𝑐TX100; see Figure 5.2(a). For 𝑐TX100 < cmc (region 
A), the viscosity increases by less than 2% compared to that of water. Hence, the 
observed increase in the sedimentation half-times in this region is not due to any viscosity 
effect. In region B, the viscosity increases by up to 7%, compared to that of water, at 
𝑐TX100 =20 mM. No corresponding half-time increase was observed, and the slight 
viscosity effect could be masked by the uncertainty, or the standard deviation, of the data. 




mPa∙s at 𝑐TX100 = 20 mM to 6.55 mPa∙s at 𝑐TX100 = 250 mM. This substantial increase 
in viscosity should lead by itself to a larger observed sedimentation half-time, since 𝑡𝑠 for 
non-agglomerating particles (at dilute condition) is given by the following equation.
4
 
 𝑡s = 𝐿/2𝑣sed = 9𝜂𝐿/𝑑
2𝛥𝜌𝑔   (5-1)  
where 𝑣sed is the settling velocity predicted from Stokes law, or Eq. (1-7), 𝐿 is the height 
of the sample suspension, 𝑑  is the diameter of the particles, 𝜂  is the viscosity of the 
suspension medium, and 𝛥𝜌  is the density difference between the particle and the 
suspension medium. The density of the suspension medium changes little with surfactant 
concentration. Therefore, the density difference can be presumed to be constant for a 
non-agglomerating particle. If 𝐿, 𝑑, and Δ𝜌 are constant, then Eq. (5-1) indicates that the 
value of 𝑡𝑠/𝜂 should be constant as well.  
In order to examine quantitatively the viscosity effect on the sedimentation half-time, 
we corrected the half-times by dividing them by the ratio of the viscosity of the 




I = 𝑡s (
𝜂w
𝜂
)  (5-2)  
For regions A and B, the viscosity effect is negligible, as 𝑡𝑠
𝐼 ≈ 𝑡𝑠 ; see Figure 5.1. In 
region C, the corrected half-times are about 38±5 h for 𝑐TX100 up to 160 mM, suggesting 
that no agglomeration may have occurred and that the slower sedimentation is mainly due 
to a viscosity effect. At higher concentrations, ranging from 160 to 250 mM, 𝑡s
I decreases 
to about 20 h, implying the formation of agglomerates, which settle faster. Some type of 




micelle-induced depletion interaction, which is evidently masked by the higher viscosity, 
and that the agglomerates are flocs, which can be easily de-agglomerated with some mild 
agitation. The effect of such interaction may be, however, less pronounced than the one 
observed with the SDS micelles.
27
  
The viscosity can slow down not only the particle sedimentation, but the particle 
agglomeration, since the agglomeration rate constant is inversely proportional to the 
viscosity and, in turn, the agglomeration time is directly proportional to the viscosity, as 
shown in Section 4.5. Hence, a second correction of the half-times may be needed for 
taking into account the viscosity effect on the particle agglomeration. We corrected, 
thereafter, the corrected half-times again by the same factor, the ratio of the viscosity of 
the respective suspension medium to that of water, and the secondarily-corrected half-












  (5-3) 
For 𝑐TX100 < 160 mM, 𝑡s
II-values and 𝑡s
I-values are about the same, suggesting that the 
viscosity has little or no effect on the particle agglomeration; see Figure 5.1. For 
𝑐TX100 ≥ 160 mM, 𝑡s
II  decreases with the surfactant concentration. The particle 
agglomeration seems to be occurring at such concentrations, but at a slower rate, because 
of the relative high viscosities. In other words, if the particle agglomeration had not been 
impeded by the relative high viscosities, then larger flocs would form and settle faster. 
Based on these analyses of the viscosity effects, we infer that the depletion effects 




medium, since the viscosity slows down the rates of both sedimentation and 
agglomeration.  
For examining the shapes, the sizes and the volume fraction of the micelles, the 
relative viscosity 𝜂r = 𝜂/𝜂s  is calculated, where 𝜂𝑠  is the viscosity of the continuum 
phases, and is taken to be equal to the viscosity of water for region A and of that at the 
cmc for regions B and C, and compared to various model equations. The model equations 
include the Einstein relation, the generalized equation for high volume fractions, and the 
Krieger & Dougherty equation for even higher volume fractions. In these calculations, 
the TX100 micelles were treated as “dispersed colloids.” To estimate the volume fraction 
of the micelles 𝜙m, we used the literature values of the average aggregation number 𝑛a of 
105 and of the hydrodynamic diameter of 8 nm, in which the substantial hydration of the 
micelles head group is included.
112, 115
 These constant values were used for a first 
approximation, since the actual values should increase with the surfactant concentration. 
The surfactant density is taken to be 1.096 g/cm
3
, calculated from the literature value of 
its partial specific volume in water. Then we find 
 𝜙m = 𝑉m𝑁A(cTX100 − cmc)/𝑛a ≅ (𝑉m𝑁A/𝑛a)𝑐TX100 (5-4) 
where 𝑉m  represents the volume of a single spherical micelle, and 𝑁A  is Avogadro’s 
number. The micellar solution has a volume fraction of 0.1 at a concentration of 65 mM, 










Figure 5.2.  (a) Relative viscosities of aqueous Triton X-100 solution as a function of the 
surfactant concentration, and predictions from the model equations. (b) Volume fractions 
of the Triton X-100 micelles as a function of the surfactant concentration. 
 
The generalized Einstein relation, Eq. (5-5), is used as the first model for predicting 
the relative viscosities. It is valid for particles with relative low concentrations or volume 








where [𝜂] represents the intrinsic viscosity which is equal to 2.5 for spherical particles. 
Generally, for many actual dispersions, [𝜂] is a fitting parameter based on the shape but 
not the size of the particles, and it is taken to be 3.2 for an oblate spheroid with an axial 
ratio of 2.0, from the Simha theory.
4
 For higher volume fractions, the effect of particle 
crowding should be considered. The general empirical equation of relative viscosity as a 
function of  volume fraction of the dispersed particles is
4
 
 𝜂r = (1 − 𝜙m)
−[𝜂] (5-6) 
Equation (5-6) reduces to the Einstein relation as 𝜙m → 0. No upper limit for 𝜙m  is 
accounted for in Eq. (5-6), which is derived under the assumption that the volume 
fraction can be up to 1.
4
 To account for the maximum allowed value of 𝜙m, or 𝜙max, the 
following empirical equation has been proposed by Krieger and Dougherty,
4, 117
  





  (5-7) 
where 𝜙max is taken to be 0.64 for a random close-packing of spheres in the calculation.
4
 
The predictions form these three model equations, Eqs. (5-5), (5-6), and (5-7), for 
[𝜂] = 2.5 or for [𝜂] = 3.2. are shown in Figure 5.2(a). The predictions from the Einstein 
relation fit the data for 𝑐TX100 up to around 50 mM for both shapes, and underestimate the 
data significantly at higher concentrations, at which the data follow the trends predicted 
from Eqs. (5-6) and (5-7) for either shape. The Krieger-Dougherty equation with 
[𝜂] =3.2 fits the data the best, especially at concentrations above 160 mM, where 𝜙m > 
0.25. The small discrepancies may be attributed to some interactions among the micelles, 
or to the effects of increasing micelle sizes or aggregation numbers at higher 




infer that the TX100 micelles should indeed have an oblate spheroidal shape with an axial 
ratio of 2.0, as reported,
113
 and would induce stronger depletion interactions than the ones 




5.4.3  Surface densities of Triton X-100 adsorbed on the titania particles 
The surface densities of TX100 molecules were measured for initial concentrations 
ranging 𝑐TX100 from 0.02 to 0.98 mM, which led (after adsorption) to final concentrations 
ranging from 0.0001 to 0.89 mM; see Figure 5.3. For 𝑐TX100,f < 0.1 mM, the surface 
density remains low, with values below 0.002 μmol/m2, suggesting that little surfactant 
adsorbs on the particle surfaces. It increases to 0.015 μmol/m2 at 𝑐TX100,f = 0.14 mM, 
and then remains constant, to form a first plateau, as 𝑐TX100,f  reaches the cmc . For 
𝑐TX100,f > cmc, the surface density increases again and reaches a second plateau with a 
value of 0.64 μmol/m2 at 𝑐TX100,f =  0.40 mM. A Type IV adsorption isotherm was 
observed. Such isotherms are found for the adsorption of nonionic surfactants from 
solution onto hydrophilic solid surfaces.
118-119
  
The (minimum) area per molecule 𝐴m can, then, be calculated from the maximum 
surface density of 0.64 μmol/m2, where 𝐴m ≡ 1/(𝑁A𝛤max). This value is about 250 
Å2/molecule, which is larger than the area per TX100 molecule for hydrophilic particles 
reported in the literature.
94, 109, 120
 Dong et al. reported a value of 𝐴m = 65 Å
2
/molecule 
for hydrophobic CuPc particles and a larger value of 121 Å2/molecule for less 







Figure 5.3. Surface densities of Triton X-100 adsorbed on the titania particles as a 
function of final surfactant concentration after reaching adsorption equilibrium; the 
vertical dashed line indicates the CMC.  
 
et al. reported values of about 50-75 Å2/molecule for various types of hydrophobic 
polystyrene particles with different functionalities.
120
 The smaller 𝐴m-values, or larger 
𝛤max-values, for hydrophobic surfaces, could be explained as follows (Figure 5.4(a)). The 
phenyl group of the TX100 molecules may adsorb on the hydrophobic surfaces with the 
hydrophilic EO chains extended in the aqueous phase, resulting in a packed monolayer. 
This conformation of TX100 molecules would yield a 𝛤max -value of about 2.5-3.3 
μmol/m2 and a 𝐴m-value of about 50-75 Å
2
/molecule, close to the 𝐴mvalue of 48-55 
Å2/molecule for the air-water interface. By contrast, for hydrophilic surfaces, such as 
those in this study, the high flexibility of the EO chains may yield different surfactant 
layer conformations, in which the EO chains may be in direct contact with the surfaces. 
Then, they would no longer extend into the aqueous phase but lie flat on the surface, 




surface-aggregation-type, may also occur, preventing the hydrophobic phenyl groups of 
the first layer from being in contact with water. The EO chains in the second layer might 
also have a “mushroom-type” conformation (see Figure 5.4), since the water is a good 
solvent for them. The adsorbed TX100 molecules, either monomers or hemi-micelles, 
could provide some steric protection against particle coagulation, and allow for the 







Figure 5.4. Schematic illustration of the conformations of Triton X-100 molecules on (a) 
a hydrophobic surface, or (b) a hydrophilic surface, a mushroom-type confirmation; see 





5.4.4 DLS results on dispersibility and stability against coagulation or flocculation 
DLS measurements were used to assess the dispersibility of the particles (the ability 
of the particles to be dispersed with the mixing protocol used) and the suspension 
stability against coagulation or flocculation. The hydrodynamic particle sizes 𝑑h  in 
aqueous TX100 solutions for 𝑐TX100 = 0.20, 0.96, 1.5, 45, 90, and 250 mM, were 
measured 5 min and 96 h after sample preparation. The measurements were done after 
the dilution, which was made in water. At 5 min, for all the concentrations examined, the 
initial particle sizes were around 310±100 nm, slightly larger than the primary particle 
size (Figure 5.5). The dispersibility in aqueous TX100 is better than in water but worse 
than that in aqueous SDS solutions.
27
 The slightly larger initial size accounted for the 
smaller half-time compared to the ones in SDS solutions. By using the polydisperse 
model based on the Mason-Weaver equation, which was presented previously in Section 
2.6,
27
 the average effective diameters from the measured half-time was estimated to range 
from 140 to 480 nm , which is in fair agreement with the DLS data. The little 
discrepancy might be due to having non-spherical particle shapes and high polydispersity, 
both of which result in errors in the DLS measurements.  
At 96 h , for 𝑐TX100 =  0.20 mM, the particles agglomerated, with cluster sizes 
exceeding the measurable size range of the DLS technique. For 𝑐TX100 = 0.96 and 1.5 
mM (in region B), the particles underwent some coagulation, and formed clusters with 
diameters of about 620 and 553 nm. The data suggest that the stability against 
coagulation improved with increasing surfactant concentration. However, the half-time 
remains constant with increasing surfactant concentration, which indicates that the 
particles settle before significant agglomeration has chance to occur.
91




and 90 (in region C), the hydrodynamic diameters did not change at 96 h, indicating good 
stability against coagulation in this time scale. The results imply that the presence of the 
micelles plays an important role in slowing down particle coagulation, which may arise 
from the enhancement of the repulsive steric interactions or from the increase of the 
viscosity. The viscosity increase slows down the Brownian or diffusive motion of the 
particles and therefore reduces the probability of the particle collisions. At 𝑐TX100 =250 
mM, the 𝑑h-value remained constant at 96 h, suggesting that the particles are stable 
against coagulation, as observed at other concentrations in region C. The agglomeration, 
inferred by the decrease in the corrected half-times (Section 5.4.2), is reversible, and 
therefore it involves flocculation, rather than coagulation. 
 
 
Figure 5.5. The hydrodynamic diameter dhof the titania particles in aqueous Triton X-
100 solutions 5 min (black bars) and 96 h (grey bars) after sample preparation. The DLS 





On the basis of the available evidence discussed above, we can conclude that: (i) in 
region A, the particles are unstable against coagulation, and then the agglomeration and 
the sedimentation time scales are comparable; (ii) in region B, the particles would 
undergo little coagulation or flocculation before they settle out, and (iii) in region C, the 
particles are stable against coagulation, but, at the higher concentration in this region, 
somewhat unstable against flocculation. 
To examine the effects of the TX100 micelles on the formation of the flocs at the 
higher concentrations in region C, we diluted the suspensions with 𝑐TX100 = 250 nm in 
its suspension medium at 5 min after sample preparation, and kept the diluted sample still 
in the DLS instrument. The hydrodynamic diameter was, then, tracked for about 66 h; see 
Figure 5.6. The particle sizes remained the same for 70 h, suggesting that, in the diluted 
suspension, no significant agglomeration (flocculation) occurred. The dilution of the 
particle concentration may reduce the probability of the particle collisions, and may lead 






Figure 5.6. The hydrodynamic diameter 𝑑h of the titania particles in 250 mM Triton X-
100 solutions vs time, in highly diluted suspensions. 
 
5.5 Half-times predicted from the agglomeration and sedimentation model 
So far, we have inferred that, at higher concentrations in region C, depletion-induced 
flocculation occurs but is masked by the high solution viscosity, which lowers both the 
sedimentation rate and the agglomeration rate. To model the flocculation induced by the 
depletion effects, we need to calculate the total potential energy of interparticle 
interactions, including the van der Waals (vdW) potential, the electrostatic potential, the 
steric potential, and the depletion interaction between the particles. One goal is to seek 
for the presence of a secondary potential energy minimum, which may cause flocculation, 
as was done previously,
27
 and calculate the effective Fuchs-Smoluchowski stability ratio 
𝑊 against flocculation. Several parameters needed for such calculations are not known 
accurately, or are unknown: the effective Hamaker constant, the effective surface 
potential, the hydrodynamic diameter of the micelles, the thickness of the adsorbed 




which determines the steric interaction and may be non-uniform. Small variations of 
these values dramatically affect the predictions of the Fuchs-Smoluchowski stability ratio 
and the prediction of a secondary energy minimum. Because of these difficulties, we 
present a different approach to search for possible depletion effects that yield the masked 
or hidden flocculation at the higher concentrations in region C, by applying the new 




The model is used for predicting an upper bound of the net half-time of 
sedimentation for an initially monodisperse suspension, where particles settle without or 
with agglomeration, which changes their sizes.
91
 The agglomeration times 𝑡a𝑛
USS  in the 
model are calculated based on the unsteady-state diffusion (USS) model of agglomeration 
and depend on the stability ratio 𝑊. The time 𝑡a𝑛
USS for monomers with a diameter of 𝑑1 
and a volume fraction of 𝜙1 to form n-mers, or specifically 2
𝑁m -mers, is derived in 
Chapter 4 and reference [104] and is given by the equation 
 𝑡a𝑛














𝑝=0  (5-8) 
where 𝑑f  represents the fractal dimension of an 𝑛 -mer, which is taken to be 1.8  for 
diffusion-limited agglomeration, 𝜏1 is the characteristic diffusion time of a monomer and 







SS  is the time for monomers to form dimers in the steady state model of 









 (3-8)  
The cluster sizes 𝑑𝑛 and the densities different between the clusters and the suspension 
medium Δ𝜌𝑛 are estimated from a fractal model, as done in Chapter 3. 
 𝑑n = 𝑑1(𝑛)
1/𝑑f (3-6)  








𝑑f  (3-7) 
The intrinsic sedimentation half-time of that cluster, 𝑡s𝑛, can then be predicted by Stokes 
law, Eq. (1-7). Both 𝑡a𝑛 and 𝑡s𝑛 depend on the number of monomers 𝑛 in a given cluster. 
As 𝑛  increases, 𝑡a𝑛  increases, while 𝑡s𝑛  decreases. When 𝑡a𝑛  and 𝑡s𝑛  are about equal, 
which should occur for some cluster size 𝑛 = 𝑛∗, the net or measured sedimentation half-
time 𝑡s
∗ should be roughly equal to 𝑡a𝑛∗  and 𝑡s𝑛∗.  
As described, the model cannot be applied to suspensions with initially 
polydisperse sizes. The actual system contains particles with an average diameter of 310 
nm and volume fraction of 𝜙 =  0.0025. The system is quite polydisperse, with the 
smallest particles having a diameter of 140 nm and a volume fraction of 𝜙 = 0.0001. We 
consider two simpler cases to estimate the overall sedimentation behavior and the 
sedimentation half-times of such a system: (a) an initially monodisperse system of hard 
spheres with a diameter 𝑑1 = 310 nm and a particle volume fraction, 𝜙1 = 0.002, but no 
other particles; (b) an initially monodisperse system of 𝑑1 = 140 nm, and 𝜙1 = 0.0001. 
Since, in the previous study, we concluded that the sedimentation is mainly controlled by 
the smallest particles (see Sections 3.5 and 3.7), case (b) seems to be the most relevant 
for our data. The model predictions of the half-times for various values of the stability 




appear to fit the predictions for a stability ratio 𝑊 of over 106, implying insignificant 
rates of agglomeration. For 𝑐TX100 ≥  160 mM, the predictions for lower 𝑊 -values, 
around 100 to 500, fit the experimental data better, suggesting that the reason for faster 
agglomeration may be depletion interactions. This mechanism seems to be a plausible 
explanation for the lower values of 𝑡s
II in Figure 5.1. It suggests that the surfactant or 
micelle concentration would not change much the vdW attractive interactions and the 
possible electrostatic interactions, but would enhance the steric repulsive interactions. 
The 𝑊-values should increase if there were no other attractive interactions involved.  
 
 
Figure 5.7. The measured sedimentation half-times in region C and the predicted half-
times from the agglomeration and sedimentation model with various Smoluchowski 
stability ratios 𝑊 as indicated. 
 
5.6 Conclusions 
The sedimentation half-times 𝑡s of the titania particles with diameters of 280±100 
nm were found to increase, from 1 to 30 h, with TX100 concentration up to the cmc 






(region A). This increase results from the increasing surfactant adsorption, which may 
produce steric repulsive interactions for overcoming the vdW attractive interactions and 
then preventing the particles from agglomerating. The adsorbed densities of TX100 
molecules on the particle surfaces, which are hydrophilic, were much smaller than those 
of the ones adsorbed on hydrophobic surfaces,
94, 109, 120
 probably because the TX100 
molecules lay flat on hydrophilic surfaces instead of forming close-packed structures. 
Furthermore, the maximum surface density of TX100 molecules is 17 times smaller than 
the one determined for SDS molecules on the same surfaces. This difference could 
account for the worse dispersibility for TX100 compared to SDS.
27
 For concentrations 
above the cmc, but below 20 mM (region B), the half-times remained constant. In this 
concentration range, the TX100 micelles affected neither the rates of sedimentation nor 
the rates of agglomeration. 
At 𝑐TX100 > 20 mM (region C), the half-times increased substantially, from 30 to 
about 140 h at 𝑐TX100 = 250 mM, primarily because of the higher solution viscosity. For 
examining the viscosity effect on the sedimentation quantitatively, the half-times were 
corrected by the ratio of the viscosity of the respective suspension medium to that of the 
water, and denoted as 𝑡s
I. The 𝑡s
I-values remained constant at 20 mM < 𝑐TX100 < 160 mM. 
For 𝑐TX100 ≥  160 mM, a small decrease in 𝑡s
I -value was observed, suggesting the 
formation of agglomerates, which settled faster. We postulate that the micelle-induced 
depletion interaction is responsible for the formation of these clusters, and these clusters 
are easily reversible agglomerates, or flocs. This depletion effect is, however, masked by 
the effect of the solution viscosity, which not only slows down the sedimentation, but 




on the particle agglomeration, a secondarily-corrected half-time 𝑡s
II  was calculated, by 
dividing 𝑡s
I by the ratio of the viscosity of the respective suspension medium to that of 
water. The 𝑡s
II-values suggest that there is little or no effect of viscosity on the particle 
agglomeration for 𝑐TX100 < 160 mM, but some effect for 𝑐TX100 ≥ 160 mM. Furthermore, 
the viscosity data are fairly consistent with the predictions from the Krieger-Dougherty 
equation for hydrated micelles with an intrinsic viscosity of 3.2, indicating plausibly an 
oblate spheroidal micelle shape with an axial ratio of 2.0.  
From the DLS data, we can conclude that the dispersibility in aqueous TX100 
solution is better than the one in water but worse than the one in aqueous SDS 
solutions,
27
 in which the particles are dispersed well and their hydrodynamic diameters 
are similar with the nominal primary particle sizes, obtained from SEM. In region B, the 
particles settle with little or no agglomeration, but they undergo some coagulation after 
settling out, because of the much higher particle concentration in the sediment. In region 
C, the particles are quite stable against coagulation, but, at higher concentrations above 
160 mM, somewhat unstable against flocculation. 
The new model of sedimentation and agglomeration (see Chapter 4) has been applied 
for estimating the possible effective Fuchs-Smoluchowski stability ratio 𝑊  against 
flocculation for region C. By fitting the sedimentation half-times to the model, a large 
stability ratio 𝑊 above 106 was found for 𝑐TX100 < 160 mM, but a much smaller value, 
around 100 to 500, for the higher concentrations.  Since the vdW attractive interactions 
and the possible electrostatic repulsive interaction should vary little with the surfactant 
concentration, the decrease in the stability ratio should be due to additional attractive 




depletion interactions seem to be plausible, and can account for the low 𝑡𝑠
𝐼𝐼 values. These 
depletion effects, however, are hidden, or masked, by the effects of the viscosity of the 
suspension medium. These higher viscosities at the higher micelle concentration slow 
down not only the sedimentation, but the depletion-induced agglomeration process, 




6. USE OF CLOSE-PACKED VESICULAR DISPERSIONS TO STABILIZE 
COLLOIDAL PARTICLE SUSPENSIONS AGAINST SEDIMENTATION 
6.1 Abstract 
For many applications of colloidal suspensions, the particles must be suspended for a 
long time. This is often accomplished by preventing agglomeration, which generates 
agglomerates or clusters of increasing sizes. Nevertheless, many colloidal suspensions of 
dense particles may settle even without agglomeration. Preventing sedimentation without 
significantly increasing the bulk suspension viscosity is difficult and has received little 
attention in the literature. Settling can be, however, drastically reduced through the novel 
use of close-packed vesicular dispersions, which form at high enough concentrations and 
are non-Newtonian shear-thinning fluids. Such dispersions have much higher viscosities 
at the low shear stresses “felt” by sedimenting colloidal particles than at the high shear 
stresses relevant to bulk dispersion flow. In a practical example, dense titania 
nanoparticles which normally would settle rapidly can remain suspended for at least 6 
months without any observable sedimentation when they are introduced into a close-
packed vesicular dispersion, while the suspension retains its flowability. Cryo-TEM 
images reveal that the vesicles in these dispersions are tightly close-packed. Dynamic 
light scattering and electrophoretic mobility data also confirm that the vesicles in such 





This chapter is based on the results published in Yang et al. (2015), and is 
reproduced in part with permission from the American Chemical Society. 
The most common problem in colloidal science is how to stabilize the suspended 
colloidal particles or nanoparticles against agglomeration by controlling their interparticle 
forces.
4, 62, 76
 If the particles agglomerate, the sizes of the resulting agglomerated particles 
increase, resulting in rapid sedimentation, and the suspensions are unstable. Since many 
suspensions are key components of various coating applications, such as inks and paints, 
preventing sedimentation and suspension inhomogeneities is crucial, as they could lead to 
poor quality of coatings and to problems in coating processes. In some cases, preventing 
agglomeration in the dispersed states is less important, since the particles may 
agglomerate after the coating is applied and dried. 
Strategies for preventing sedimentation, whether or not agglomeration occurs, are 
particularly important for suspensions containing high density particles. Such suspensions 
have received much less attention in the literature. One practical example is an aqueous 
suspension of titania particles, which have a density difference of Δ𝜌 = 3.2 g/cm3 above 
that of water and are the main component of various white ink formulations. To generate 
inks of good optical quality, the diameter 𝑑 of these particles is chosen to be around 300 
nm. Even if agglomeration is prevented, these titania particles still sediment in water at a 
rate of 1 cm in about 15 h.  
The degree of sedimentation of dispersed particles at steady state depends on the 
gravitational Peclet number, 𝑃𝑒g, which is defined as the ratio of the sedimentation rate 







= 𝜋𝑑3∆𝜌𝑔𝐿 6𝑘B𝑇⁄  (1-8) 
For Δ𝜌 = 3.2 g/cm3, 𝐿 = 1 cm, 𝑇 = 298 K, and 𝑑 = 300 nm, 𝑃𝑒g ≈ 1000. For this 𝑃𝑒g-
value, nearly all the particles sediment at long times. Moreover, the 𝑃𝑒g-values remain 
high even for smaller particles, where 𝑃𝑒g ≥ 5  for 𝑑 ≥ 50 nm , indicating that such 
“small” particles still sediment substantially at long times. For these high densities, the 
diameter of non-settling colloidal particles (see Section 2.3) must be below 30 nm. Thus, 
the key question is how to prevent complete sedimentation of these high-density particles, 
or slow it down sufficiently, so that the suspension is stable for weeks or even months. 
Our novel approach to prevent or greatly reduce the sedimentation of high-𝑃𝑒g  
particles is to devise dispersants which have the following properties:  (a) work well at 
low dispersant concentrations (< 5 wt%); (b) can be used for low or high dense-particle 
volume fractions; (c) maintain the flowability of the suspensions in coating or other 
applications; and (d) produce a suspension medium viscosity “felt” by the particles which 
is extremely high.  Producing suspensions with such non-Newtonian rheological behavior 
is a common problem in the rheology of complex fluids. One needs a shear-thinning fluid 
with a very high viscosity at low shear stresses, which are “felt” by, or applicable to, the 
motion of the colloidal particles, and a much lower viscosity at those high shear stresses 
applicable to bulk flows of the suspension. In a gravitationally-driven flow in a tube of 
diameter 0.3 mm, the average shear stress is of the order of 1 to 10 Pa. By contrast, when 
a particle of diameter 𝑑 = 100-1000 nm experiences a net gravitational force and settles, 
the local shear stresses generated by the particle range from about 2×10
-3
  to 2×10
-2




There can be several molecular mechanisms which may lead to shear-stress-thinning, 
or shear-rate-thinning, viscosities. In one mechanism, polymers dissolved in the solution 
may form “entanglements” and cause a large increase of the viscosity at low shear 
stresses.
121
 Another mechanism may be the use of long polymeric surfactant dispersant 
molecules, such as Pluronics ((poly(ethylene oxide) (PEO) and poly(propylene oxide) 
(PPO) block co-polymers),
122-123
 which may adsorb on the dispersed particles and interact 
quite strongly with each other, after adsorption, producing another type of entanglement, 
at least for high concentrations in which the particles are close enough to each other to 
interact. A third mechanism may involve the use of close-packed dense-particle 
suspensions.  
In this chapter, we present another mechanism, for the first time, involving the novel 
use of dispersions of fluid vesicles, to accomplish the above goals. Vesicles, also called 
“liposomes,” are hollow colloidal-size spherical particles consisting of double-chain 
single-head-group surfactants, which usually form lamellar liquid crystalline (LLC) 
phases. These surfactants can also form closed bilayer structures, called unilamellar 
vesicles (ULVs), in which there is an “inside” space, with solvent separated from the 
“outside” by a single surfactant bilayer. They may also form multilamellar vesicles 
(MLVs), in which the inside is separated from the outside by several bilayers alternating 
with water layers. Their formation can occur spontaneously from the LLC phase in 
certain cases
124
 or with mechanical agitation involving stirring, or sonication, or both.
125
  
Vesicular dispersions have attracted considerable interest for their potential applications 
as drug or gene delivery systems.
126




For our application of preventing sedimentation, the following property of vesicular 
dispersions is particularly important. In a typical example, if a ULV has a diameter of 
400 nm and a bilayer wall thickness of 3 nm, the vesicular dispersion with 2 wt% or 2 
vol% surfactant, or a volume fraction 𝜙s = 0.02, will have a significantly larger vesicles 
volume fraction of 𝜙v = 0.46.  If 𝑑 = 600 nm, then 𝜙v = 0.68.  Thus, in terms of the 
vesicles, such dispersions are highly concentrated, and the vesicles can be close-packed. 
Their volume fraction can exceed the limit for close-packed spheres, leading to 
deformation of the vesicles to non-spherical shapes. Moreover, the high water content 
produces vesicles with very small values of 𝛥𝜌 (≈ 10-2 to 10-3 g/cm3), and hence with 
low 𝑃𝑒g-values, below 1. Then, as explained previously (see Chapter 3), the vesicles are 
quite stable against sedimentation.    
At high values of 𝜙v, the mobility of the vesicles, and the viscosity of the vesicular 
dispersion, may change dramatically, compared to that at small 𝜙v values. Nonetheless, 
since the vesicles may remain fluid and easily deformable, they may still flow easily 
when the dispersion experiences sizable shear stresses. On the other hand, since the 
vesicles form close-packed structures at high values of 𝜙v , the sedimentation of the 
dispersed particles may be prevented (Figure 6.1). Therefore, vesicles can be used, in 
principle, to stabilize suspensions of dense particles against sedimentation, both at low 
and high volume fractions of the colloidal particles. Moreover, some of the added 
surfactant may also adsorb on the particles and stabilize them also against agglomeration, 






Figure 6.1 Schematic illustration of vesicles forming a close-packed structure that blocks 
the movement of the particles. Left: In the dispersion with a low volume fraction of 
vesicles, the vesicles do not interfere significantly with particle settling. Right: In the 
dispersion with a high volume fraction of vesicles, the vesicles are packed tightly, and 
generate a significant resistance against sedimentation of the particles. 
 
6.3 Experimental methods 
6.3.1 Materials 
Titania (rutile) powders (TR52) were obtained from Huntsman and used as received. 
Their density is 4.1 g/cm
3
. The particles were quite polydisperse with diameters 𝑑TiO2 = 
280±100 nm, as determined from SEM images; see Figure 3.1. The particles were 
characterized as detailed in Chapter 3. Ultrapure water was obtained from a Milli-Q water 




ammonium bromide (DDAB), in powder form, was purchased from Sigma-Aldrich, and 
used as received. 
 
6.3.2 Sample preparation  
DDAB aqueous dispersions with concentrations 𝑐DDAB from 0.01 to 2.0 wt% were 
first shaken by hand, and then stirred magnetically for 30 min, with “procedure S.” 
Certain samples were then sonicated for 3 h in a Branson 3510 sonication bath, which 
uses a frequency of about 40 kHz (“procedure SS”).  The suspensions of 1 wt% titania 
particles were prepared by first mixing titania and DDAB powders. The mixed powder 
was dispersed in water with either one of the above procedures. All samples were 
prepared at room temperature, which was 25±2 ℃. 
 
6.3.3 Cryo-transmission electron microscopy 
Cryo-TEM images were taken at the Purdue Cryo-EM Facility/Department of 
Biological Sciences at Purdue University. The samples were placed in a controlled 
environment vitrification chamber, where the relative humidity was kept close to 
saturation to prevent water evaporation from the sample. A 3.5 μL drop of the sample 
was put on a carbon-coated “holey film” (film with holes) supported by a TEM copper 
grid. After gently blotting the drop with filter paper to create a thin liquid film over the 
grid, the samples were vitrified by being plunged into liquid ethane cooled to -114℃ 
(liquid nitrogen temperature). The photomicrographs were taken under magnification of 





6.3.4 Dynamic light wcattering (DLS) and zeta potential measurements 
The average hydrodynamic diameter, 𝑑h , of the DDAB vesicles or the titania 
particles was measured at 25 ℃, at a wavelength of 659 nm and a scattering angle of 90° 
with a Brookhaven ZetaPALS dynamic light scattering instrument, which has a BI-9000 
AT digital autocorrelator. For the DDAB samples, the measurements were done without 
any dilution because they were not very turbid. Each titania suspension was first 
homogenized gently by hand, and then diluted with its respective suspension medium to a 
weight fraction of 5×10
-6
 (0.0005 wt% or 5 ppm). The dilution was needed to avoid 
excessive light scattering. Each measurement took about 1 min, and the effective 
diameter and the half width at half maximum (HWHM) were obtained from the 
instrument software. At least six measurements were taken, and the averages of the 
effective diameters, 𝑑h , the averages of the HWHM widths, Δ𝑑 , and their standard 
deviations 𝜎1  and 𝜎2  are reported as 𝑑h(±𝜎1) ± Δ𝑑(±𝜎2) nm . The zeta potential (𝜁 ) 
measurements for titania particles were done with the same Brookhaven instrument, 
operating conditions, and preparation method mentioned above. The 𝜁 -potentials of 
DDAB vesicles were also measured. Each zeta measurement consisted of 20 cycles; 10 
measurements were made with each sample, and the averages and the standard deviations 
are reported. 
 
6.3.5 The stability of titania particles against sedimentation in DDAB vesicular 
dispersions 
The stability of titania particles in DDAB vesicular dispersions against sedimentation 




clear supernatant top layer against a lower white suspension was measured, as the 
particles sedimented. For a standard sample initial height of 1 cm, the half-time of 
sedimentation ( 𝑡s ) was determined at a front height of ℎ =  0.5 cm. At least five 
measurements were made for each sample, and the averages and the standard deviations 
are reported. 
  
6.3.6  Rheological measurements  
The apparent viscosity was measured with calibrated Cannon Fenske viscometers (no. 
25, no. 50, and no. 100) at 25 ℃. Five measurements were made for each sample, and the 
averages and standard deviations were calculated and reported. The shear-rate-dependent 
viscosity was measured at 25 ℃, with a TA DHR-2 controlled-stress rheometer with a 
concentric-cylinder geometry. The measurements were done with the flow sweep 






, first at decreasing shear rates, 
and then at increasing shear rates. Each measurement was done twice, and the averages 
are reported.  
6.4  Experimental results and discussion 
6.4.1 Close-packed vesicular microstructures in DDAB/H2O dispersions 
We have used a cationic double-chain surfactant, didodecyldimethylammonium 
bromide, or DDAB, which has been studied for over 30 years, for its ability to form 
various bilayer structures.
127-129
 The high surfactant packing parameter (~0.62), which is 
the ratio of the surfactant tail volume to the product of the head group area and the chain 
length,
76
 causes the double-chain DDAB molecules to form vesicles or lamellar particles 
when the concentration is above its critical vesicle concentration of 6.5×10
-4




liquid-crystalline and bilayer chain melting phase transition temperature (𝑇m) is about 
16 ℃, causing the bilayer interior to be fluid and the vesicles to be deformable. At 25 ℃, 
these vesicles can be stable for months.
131
 
We probed DDAB/H2O vesicular dispersions by direct imaging with cryo-TEM 
techniques at 0.50 wt% DDAB (10.8 mM) and 2.0 wt% (43.3 mM), for dispersions 
produced by stirring only (procedure S), or by stirring and sonication (procedure SS); see 
Figure 6.2(a)-(d).  From the cryo-TEM images, which provide reliable images of the 
actual microstructures, we observed at 0.5 wt% mostly ULVs, and at 2.0 wt% some 
MLVs. A few tubular vesicles were also seen at both concentrations. These observations 
are consistent with those by Regev and Khan,
127
 who prepared their DDAB dispersions 
by a different dispersion procedure, namely shaking them for several days. In all images, 
the average thickness of the wall layers was estimated to be about 3±1 nm. This value 
corresponds to the expected bilayer thickness from the surfactant molecular structure, as 
the length of the all-trans fully extended hydrocarbon chain is about 1.8 nm. 
At 0.5 wt%, the DDAB molecules form ULVs, which are quite polydisperse, with an 
average diameter of 400 nm (Figure 6.2(a)). Sonication evidently breaks up the larger 
ULVs to form smaller ULVs (Figure 6.2(b)). At 2.0 wt%, in addition to ULVs, a few 
MLVs and a few tubules are observed (Figure 6.2(c)). At these conditions, most vesicles 
are shown to be unilamellar with sizes larger than 400 nm. Hence, their effective volume 
fraction 𝜙v is estimated to be higher than 0.5, or even higher than 0.7, exceeding the 
close-packed limit for hard spheres. Therefore, these deformable fluid vesicles, upon 
close packing, do not retain their spherical shape, but are deformed to nearly polyhedral 




the value of 𝜙v (Figure 6.2(d)), making the vesicles pack less tightly. The observations of 
producing MLVs with the sonication procedure appear to be counter-intuitive. Generally, 
sonicating multilamellar particles or vesicles tends to produce unilamellar vesicles. 
Nevertheless, sonicating large unilamellar vesicles may produce vesicle fragments. When 
one such fragment closes to form a full vesicle, it may enclose a smaller vesicle, which 
may have happened to be present in that location. The multilamellar vesicles observed 
seem to be vesicles within other vesicles. Their structures may be different from the 









Figure 6.2 CryoTEM micrograph of vesicles. (a) At 𝑐DDAB = 0.5 wt% (10.82 mM) with 
the S procedure, the DDAB molecules form unilamellar vesicles (ULVs), which are quite 
polydisperse with diameters ranging from 100 to 700 nm. (b) At 0.5 wt% with the SS 
procedure, the ULVs have diameters of about 100-500 nm, which are smaller than the 
ones prepared with the S procedure. (c) At 𝑐DDAB = 2.0 wt% (43.29 mM) with the S 
procedure, most of the vesicles are unilamellar, and a few are multilamellar. Their 
diameters are about 200-700 nm. The vesicles are tightly closed-packed and deformed to 
polyhedral shapes. (d) At 2.0 wt% with the SS procedure, more MLVs form than ULVs. 





The vesicles within this closed-packed structure have quite low mobilities, as 
indicated by several independent lines of evidence. The first evidence comes from 
dynamic light scattering (DLS), in which particles in dilute dispersions can diffuse freely. 
The rate of decay of the nearly exponential autocorrelation function (ACF) of the 
scattered intensity fluctuations yields then the diffusion coefficient 𝐷 of the particles.132  
If the particle sizes are polydisperse, the ACF is not exponential, but still decays to zero 
(Figure 6.3(a)). Then, by the use of the Stokes-Einstein equation, which is valid for 
individual particles, from a single value of  𝐷, or from a 𝐷-distribution, one can obtain 
the value of the vesicles diameter d, or the d-distribution.4 At 0.5 wt% DDAB, at which a 
relatively dilute (and hence non-close-packed) vesicular dispersion is produced, the 
diameters of the vesicles are found to be about 400(±8)±233(±6) nm, which are 
consistent with the values obtained from cryo-TEM images (see also Table D.1 in 
Appendix D). The polydispersity index cannot be calculated accurately from these DLS 
data. At 2.0 wt%, in which 𝜙v is quite high and apparently over the close-packed limit for 
spheres, the ACF shows an unusual and distinct behavior (Figure 6.3(b)). While showing 
some fluctuations, the ACF never decays to zero, indicating some “memory,” or residual 
correlation, of the relative particle positions. Although no detailed theory for interpreting 
such ACF shapes are known to us, we presume that the observed ACF shapes indicate 
that the vesicles are unable to diffuse freely in the dispersion over long distances. Hence, 
the vesicles appear to be in a tightly packed formation, and they are “trapped by,” or 










Figure 6.3 Auto correlation function (ACF) of DLS measurements of DDAB-water 
vesicular dispersions (a) at 𝑐DDAB = 0.5 wt% with the S procedure and (b) at 𝑐DDAB = 2 
wt% with the S procedure. 
 
Another piece of evidence comes from the measurements of the zeta potential 𝜁 of 
the DDAB vesicles at 0.05 to 2.0 wt%; 𝜁  is determined from the measured 
electrophoretic mobility (em), which is the ratio of the particle electrophoretic velocity to 
the externally applied electric field strength. At 0.05 wt%, the 𝜁-value is about 56±4 mV, 




6.4. This indicates that the vesicles are positively charged, as expected for a cationic 
surfactant, and that they have the same surface charge densities. At 0.7 wt%, the 𝜁-
potential, or apparent 𝜁-potential, calculated on the assumption that the fluid medium 
viscosity remains constant and that the particles move independently, drops to 40±1 mV. 
It drops further to 23±1 mV at 2.0 wt%. Hence, the vesicles’ apparent electrophoretic 
mobility, and their actual electrophoretic velocity, decreases. 
Our hypothesis, which is consistent with the DLS results, is that the decrease in the 
vesicles’ velocity is due to the obstruction of their motion by the other vesicles, and not 
to any changes in the intrinsic mobility or surface charge density of the vesicles. Ono et 
al.’s results128 support this hypothesis. They have reported that the counterion 
dissociation of DDAB is insensitive to the surfactant concentration for 𝑐DDAB ≥ 0.14 
wt% (or 3 mM).  
 
 
Figure 6.4 Effect of surfactant concentration on the apparent zeta potential of the vesicles 
with the S (■) and with the SS (□) procedure; the apparent zeta potential of the titania 




Moreover, we have measured the sizes of DDAB vesicles at 0.5 and 1.0 wt% with S 
or SS procedures at 0.5, 96, and 240 h after the samples were prepared; see Figure 6.5. 
For all samples, the hydrodynamic diameters of the vesicles remained about the same at 
240 h, indicating that the vesicles were stable against coagulation and coalescence in the 
time span tested. As mentioned earlier, because they have low gravitational Peclet 
numbers, the vesicles are also quite stable against sedimentation. 
 
Figure 6.5 Average hydrodynamic diameter of DDAB vesicles vs. time: (a) 1 wt%, S; (b) 
0.5 wt%, S; (c) 1 wt%, SS; (d) 0.5 wt%, SS.  The error bars represent the half peak width 
at half of its height. 
 
6.4.2 Stabilizing titania nanoparticles against sedimentation with close-packed DDAB 
vesicles 
 In order to test the feasibility of close-packed vesicular dispersions for stabilizing 
suspensions of high-𝑃𝑒g particles against sedimentation, we examined the stability of 1 
wt% titania particles (𝑑 ≈ 300±200 nm) in DDAB vesicular dispersions. At 𝑐DDAB =




hours, and they sediment by 0.5 cm in about 46 h (𝑡s ≈ 46 h). This value is consistent 
with the predictions of the modified Mason-Weaver equation for polydisperse spheres 
without agglomeration; see Section 28.
27
 At 𝑐DDAB = 0.1 wt%, the particles settle more 
slowly, with 𝑡s ≈  72 h, for both the S and SS procedures. At these surfactant 
concentrations, the sonication process has produced only a slight effect on the particle 
settling rate. At 𝑐DDAB ≥ 0.5 wt%, the sedimentation times increase with an increase of 
DDAB, and are higher for suspensions produced with the S procedure than for those 
produced with the SS procedure (Table 6.1).  
 
Table 6.1 Sedimentation half times of the titania particles in DDAB vesicular dispersions 
with various surfactant concentrations and with the S or SS procedures 
𝑐DDAB,  wt% 
𝑡s,  h 
S SS 
0.05 46 46 
0.1 72 72 
0.5 120 96 
1.0 384  168 
2.0 > 6 months* > 4 months(**) 
 * No observable sedimentation; ** Some settling was observed. 
 
This increase of the sedimentation time is probably due to the increase in 𝜙v  at 
higher values of 𝑐DDAB , with 𝜙v  being larger for the S-dispersions than for the SS-
dispersions. At 2.0 wt%, the particles did not settle for at least 1400 h, or 2 months; see 
Figure 6.6. Actually, we have monitored samples for as long as 6 months (and later 18 






Figure 6.6 Photographs of aqueous DDAB dispersion with 1.0 wt% titania particles. The 
samples from left to right are (1) 0.5 wt% DDAB with the S procedure (S); (2) 1.0 wt% 
DDAB, S; (3) 2.0 wt% DDAB, S; (4) 0.5 wt% DDAB with the SS procedure (SS); (5) 1.0 
wt% DDAB, SS; and (6) 2.0 wt% DDAB, SS. The height of the samples is 4 cm. The 






Figure 6.7 Photographs of 2 wt% aqueous DDAB dispersion with 1.0 wt% titania 
particles. All samples were prepared with the S procedure, and are with a height of 1 cm. 
In all samples, no sedimentation was observed for at least 6 months. The results are, 
therefore, quite reproducible. 
 
One can infer some of the origins of the stability against sedimentation from the 
cryo-TEM images; see Figure 6.8. In Figure 6.8, the titania particles appear as black 
particles, which look quite similar to the titania particles we obtained in SEM; see Figure 
3.1. At 𝑐DDAB = 2.0 wt% (S), the titania particles are shown to be completely surrounded 
by the vesicles, which essentially prevent them from moving. The gravitational force can 
no longer move the particles, being counteracted by the apparently large resistance of the 
close-packed vesicles microstructure. At 𝑐DDAB = 2.0 wt% (SS), the particles are also 




ability to impede the settling of the dense particles. More cryo-TEM images are shown in 
Appendix D; such images show similar results as these in Figure 6.8. Furthermore, some 
cryo-TEM images show that it is possible that the titania particles are encapsulated in the 
vesicles; see Figure D.1. In that case, the sedimentation rate of the titania particles would 
also decrease. In addition to enhancing the stability against sedimentation, at 𝑐DDAB = 








Figure 6.8 CryoTEM micrograph of titania particles in DDAB-water vesicular 
dispersions of 𝑐DDAB = 2.0 wt% with (a) S procedure and (b) SS procedure. 
 
DLS results, in which titania suspensions were diluted sufficiently before the 
measurements to avoid excessive light scattering, showed that the particle sizes were 
stable for at least 140 h; see Figure 6.9. Since the titania particles are positively charged 
with 𝜁 ≈ 50 mV, the stabilization mechanism appears to be based on the presence of 
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Figure 6.9 Average hydrodynamic diameter of the titania particles in DDAB vesicular 
dispersions with various surfactant concentration vs time: (a) 𝑐DDAB = 0.05 wt%, (b) 
𝑐DDAB = 0.1 wt%, (c) 𝑐DDAB = 0.2 wt%, (d) 𝑐DDAB = 0.5 wt%, (e) 𝑐DDAB = 1.0 wt%, and 
(f) 𝑐DDAB = 2.0 wt%; S (■) and SS (□) procedures. 
 
6.4.3 Shear-thinning behavior of DDAB vesicular dispersions 
Although the vesicles surfactant concentrations increase drastically the sedimentation 
times, the measured bulk vesicular dispersion viscosities at high shear-stresses of about 1 
to 10 Pa, which occur in gravity-driven flow in capillary tubes with diameters of 0.3 to 
0.7 mm, show only a relatively small increase with an increase in the DDAB 
concentration. The high-shear-stress viscosities were measured with Cannon-Fenske 




was Newtonian, they represent the apparent or shear-stress-averaged viscosities, 𝜂app. As 
𝑐DDAB increases from 0.01 to 1.0 wt%, the viscosity increases linearly from 0.92±0.11 to 
1.9±0.23 mPa s, which are consistent with the data by Soltero et al.
133
 For 𝑐DDAB = 1.0 
to 2.0 wt%, 𝜂app increases more abruptly to 9.7±1.9 mPa s, which is about ten times 
larger than that of water (Figure 6.10). At 2.0 wt%, the wall shear stress is about 5 Pa.  
 
 
Figure 6.10 The apparent viscosity 𝜂app was measured with a capillary viscometer (■), 
and compared to the data reported by Soltero et al. (□) 133 
 
The non-Newtonian viscosities, 𝜂 , were measured with a controlled-shear-rate 





 (Figure 6.11(a)) for 1.0 wt% (S), 2.0 wt% (S), and 2.0 wt% (SS). Each shear stress, 
𝜏, is then calculated as the product ?̇?𝜂. The results of 𝜂 and 𝜏 are shown in Figure 6.11(b). 
These viscosities are higher at the higher surfactant concentrations, and lower for the 
sonicated than the stirred only samples for the same concentration. The non-Newtonian 




and Yang et al.
133-134
 The local shear-stresses exerted by, and applicable to, the individual 
titania particles in water are proportional to their particle sizes, and they are found to be 
about 0.002 to 0.02 Pa. These values are much lower than those at the walls of the 
capillary tube. Under such low shear stresses, the non-Newtonian viscosities are quite 
high, ranging from 10
4
 to over 10
6
 mPa s. At such high viscosities, the particles’ 
sedimentation is slowed down, and 𝑡s increases from about 40 h to 40×10
4
 h, or 40×10
6
 h, 
or even more. Even though the gravitational Peclet numbers of the titania particles remain 
quite high, the sedimentation rate is nevertheless extremely slow. On the other hand, for a 
typical capillary flow wall shear stress of 5 Pa which exists during the bulk flow of the 
dispersion, the relevant viscosity is much lower (ca. 10 mPa s). Thus, these close-packed 
DDAB vesicular dispersions seem to provide optimal resistance against sedimentation of 
the titania particles, without impeding the bulk flow of the suspension. For ink-jet 
printing conditions of high velocities and very thin capillary tubes, the actual shear stress 
may be even higher than 5 to 10 Pa. Thus, the viscosity will be about 10 mPa s (see 
Figure 6.10). Clearly, DDAB is a highly efficient stabilizer against sedimentation, at an 
appropriate surfactant concentration and preparation method to produce adequate close-











Figure 6.11 Rheological measurements of aqueous DDAB vesicular dispersions. (b) Non-
Newtonian viscosity 𝜂 vs shear rate ?̇?; (c) viscosity vs shear stress 𝜏; for 2 wt% S (▲), 2 
wt% SS (●), and 1 wt% S (■). The DDAB vesicular dispersions are shear-thinning fluids. 
The sample of 2 wt% S has the highest viscosity among the three; the sample of 1 wt% S 
has the lowest viscosity. At a shear stress of about 0.002 Pa, the viscosity is over 10
4
 




6.5  Conclusions and outlook 
With stirring, or stirring and sonication, DDAB in water forms mostly large 
unilamellar vesicles as has been shown previously with slightly different preparation and 
mixing methods.
127
 Such vesicles appear to be kinetically stable for long times, weeks 
and months. At about DDAB concentrations of 1 to 2 wt%, depending on the preparation 
method, the vesicles volume fractions are quite high, beyond the close-packed limit for 
undeformed spheres. The mobility of the vesicles in sedimentation, electrophoretic flow, 
or diffusion, is, therefore, severely restricted. The rheological behavior of the dispersion 




 mPa∙s or 
higher, but with high-shear-stress viscosities of 2 to 10 mPa∙s. At these conditions, the 
dispersions can flow freely in typical capillary tubes of diameters ranging from 1 to 10 
mm. In contrast, the titania particles with diameters of about 200 to 400 nm respond to, or 
“feel”, the high low-shear-stress viscosity, and then move sluggishly, if at all. This is the 
physical basis of a new and important application of vesicles: the stabilization against 
both sedimentation and agglomeration of normally-settling colloidal particles, with high 
gravitational Peclet numbers.  
The applicability of these and similar close-packed vesicular dispersions may be 
quite general for many other types of dense particles with high gravitational Peclet 
numbers. Moreover, the effect of the vesicles on preventing sedimentation can be easily 
reversed, by simple dilution of the DDAB dispersion to produce non-close-packed 
structures. If DDAB has environmental, safety, or other limitations for a given 
application, one may seek other molecules with similar properties and fewer such 




possible with less polydisperse vesicular dispersions to have comparable sedimentation 
stability at lower DDAB concentrations, since the close-packed structure may occur at 
lower total vesicle volume fractions. Overall, we expect that these types of close-packed 
vesicular dispersions will help improve scientific understanding, and develop general 
strategies, for improving the stability against sedimentation for many other types of dense 
colloidal particles over a wide range of sizes and concentrations. Additional insights in 
the sedimentation behavior of dense particles suspended with light particles are obtained 




7. THE EFFECT OF SUSPENDED PARTICLES ON THE STABILITY OF HIGH-
DENSITY PARTICLES AGAINST SEDIMENTATION BY USING 
BROWNIAN DYNAMICS SIMULATIONS 
7.1 Abstract 
In Chapter 6, we presented a novel method of close-packed fluid vesicular 
dispersions for stabilizing suspensions of commercial titania particles with Δ𝜌 =3.2 
g/cm
3
 and 𝑑TiO2 = 280±100 nm against sedimentation. For forming the vesicular 
dispersions, we chose a double-chain cationic surfactant DDAB (didodecyldimethyl-
ammonium bromide). Whereas at the low DDAB concentrations (0.5 wt% or 10.8 mM) 
the particles settled completely by 1 cm over two months, at the high DDAB 
concentrations (2.0 wt% or 43.4 mM), the particles remained suspended for over 18 
months. At the higher DDAB concentration, the vesicles form a close-packed structure, 
and provide strong resistance to the sedimentation of the dense particles, but the 
dispersions are nonetheless highly shear-thinning, and free flowing, with moderate bulk 
viscosities. In this Chapter, we have used Brownian dynamics simulations (BDS) for the 
first time to elucidate the key factors of the mechanism by which vesicles or other non-
settling particles can stabilize the high-density particles against sedimentation. BDS was 
done for mixtures of two types of colloidal spherical particles interacting via DLVO 
potentials. For one type, the gravitational Peclet number 𝑃𝑒g is high, and these particles, 




absence of other types of particles. For the second type of particles, 𝑃𝑒g is nearly zero, 
and presumed to be non-settling “rigid vesicles,” called “light particles.” The effects of 
the particle size 𝑑2 and the volume fraction 𝜙2 of the light particles on the sedimentation 
stability of the dense particles were examined. The simulation results show that the key 
factor in this mechanism is the volume fraction of the light particles. As  𝜙2 exceeded a 
threshold of about 0.3 to 0.5, the dense particles remained suspended indefinitely. The 
value of the threshold depends on the diameter of the light particles, and is higher for the 
larger light particles. In addition, the rheological behaviors of the light particle 
dispersions, and the local viscosities, or microviscosities, around the dense particles were 
predicted. The shear-thinning behavior of the light particle dispersions suggests that the 
bulk suspensions of the dense particles are flowable, if the 𝜙1-value is relative small. 
Further, the local viscosities around the dense particles increase significantly with 
increasing 𝜙2  and were the reason for the stability of the dense particles against 
sedimentation. The BDS results indicate, consistently with the data, that the dispersions 
of the light, or non-settling, particles, such as the vesicular dispersions, can provide a 
general method for long-term stabilization against sedimentation of high-𝑃𝑒g  number 
particles of a wide range of diameters and for a wide range of volume fractions. 
 
7.2 Introduction 
Colloidal suspensions, such as suspensions and emulsions, are key components in 
various products, such as inks, paints, consumer products, foods, and pharmaceuticals. To 
maintain suspension homogeneity, it is often crucial to prevent the particles or droplets 




if the particles agglomerate, or become “unstable” against agglomeration, then clusters 
form. These clusters tend to sediment (or cream) in gravity faster than the primary 
particles. Thus, the suspensions can also become “unstable” against sedimentation. There 
have been many studies on preventing particle agglomeration.
4, 14, 27, 67, 109, 121, 135-138
 
However, in some cases of aqueous suspensions containing high-density particles, such 
as titania, silica, or iron oxides, the suspended particles can even settle without 
agglomeration.
27, 91
 Strategies for preventing particle sedimentation have received little 
attention in the literature, and one of them is the object of this study.  
In Chapter 6, we presented a novel method of using close-packed fluid vesicular 
dispersions for stabilizing against sedimentation suspensions of commercial titania 
particles with Δ𝜌 = 3.2 g/cm3 and 𝑑TiO2 = 280±100 nm.
139-140
 As a vesicle former, we 
have used a cationic double-chain surfactant, didodecyldimethyl-ammonium bromide 
(DDAB) with a high surfactant packing parameter (~0.62) for its ability to form various 
bilayer structures.
127-129
 At concentrations from 6.5×10
-4
 to over 2.0 wt%, DDAB 
molecules in water form unilamellar vesicles with mild stirring, or multi-bilayer particles 
with sonication.
130
 Since the liquid-crystal and bilayer chain melting phase transition 
temperature of DDAB is about 16 ℃,131 at room temperature the bilayer hydrocarbon 
interior is fluid and the vesicles are deformable. Moreover, these vesicles contain so 
much water that their density difference is practically zero, less than 0.01 g/cm
3
. Hence, 
their 𝑃𝑒g-values are quite small, and they can remain stable for months with no apparent 
growth or sedimentation. In close-packed fluid DDAB vesicular dispersions at a 
surfactant concentration of about 2 wt%, the titania particles remain suspended for more 




concentration, these titania particles would sediment quite fast. In one example, they 
sedimented by 0.5 cm in an aqueous SDS solution in about 45 h, even though no 
significant agglomeration occurred; see Chapter 3.
27
 These close-packed vesicular 
dispersions provide a significant resistance against sedimentation of the titania particles. 
Moreover, they do not significantly impede the flow of the bulk suspension, still allowing 
their potential use in ink-jet printers.
140
  
In this chapter, we aim to elucidate theoretically several key factors of this novel 
stabilization mechanism and provide general guidelines on the use of vesicles or other 
non-sedimenting colloidal particles for stabilizing or slowing down drastically the 
sedimentation of the dense colloidal particles. We use Brownian dynamics simulations 
(BDS) for the first time for such a problem. BDS has been widely used for studying other 
colloidal suspension properties, such as the dynamics of coagulation, flocculation, 
sedimentation, and deposition processes, the microstructure of agglomerates, and 
suspension rheology.
30-31, 72, 74, 77, 141-146
  
We will fist summarize and review some key results from Chapter 6 to outline the 
scope of the BDS studies. Then, we will present the simulation details and the results for 
mixtures of two types of spherical colloidal particles that mimic the dense titania particles 
and the non-sedimenting DDAB vesicles. For the first type, the gravitational Peclet 




= 𝜋𝑑3∆𝜌𝑔𝐿 6𝑘B𝑇⁄  (1-8) 
These particles, with a diameter 𝑑1 and a volume fraction 𝜙1, will settle rapidly in the 




vesicles”, the Peclet number is taken to be zero, and these particles will not settle. They 
will be called “light particles” in the later sections. Using BDS, the effects of the particle 
diameter 𝑑2 and volume fraction 𝜙2 of the light particles on the sedimentation stability of 
the dense particles were examined.  
In addition, the bulk shear viscosities of the dispersions consisting of the light 
particles were computed from the simulations to examine the flowability of the bulk 
suspensions, in which the presence of the dense particles is neglected due to their 
relatively low volume fraction (𝜙1 ≪ 𝜙2). Moreover, the rheology at the microscopic 
scale, or “microrheology,” which allows the probing of the local viscous properties of the 
dispersions, was examined. The local viscosities around the dense particles are those 
directly “felt” by these particles and were computed with BDS. Even though the actual 
DDAB vesicles in our data are deformable, their deformability is not considered in the 
simulations, for reason of simplicity. The behavior of the light particles in the simulations 
may still represent several key factors of their effect on the sedimentation behavior of the 
dense particles.  
 
7.3 Review of the experimental results 
We examined the sedimentation stability of 1 wt% titania particles either in DDAB 
vesicular dispersions with 0.5 wt% (10.8 mM) or in 2.0 wt% (43.4 mM) surfactant. A 
marked difference was observed in these two cases; see Figure 7.1(a). At 𝑐DDAB =  0.5 
wt%, the particles settled completely after about 2 months. At 𝑐DDAB = 2.0 wt%, the 
particles remained suspended for at least 18 months; in Chapter 6, the behavior up to 6 
months was reported.
139




Figure 7.1(b), bottom. At low surfactant concentrations, the effective volume fractions of 
the vesicles are low. Then, the dense particles move around quite easily, and eventually 
settle under normal gravity. On the other hand, when the surfactant concentration is high 
enough to yield an effective volume fraction of the vesicles near the close-packed limit of 
rigid particles, or even higher than that if the vesicles are deformable, the particles are 
trapped by the vesicles, and their motion becomes severely limited. Then, the particles 
cannot settle or agglomerate at all, or it might take them extremely long times to settle.  
 
(a) (b)  (c)  
 
Figure 7.1 (a) Photographs of aqueous DDAB dispersions with 1.0 wt% titania  particles 
at 𝑐DDAB = 0.5 wt% after 2 months (top), and at 𝑐DDAB = 2.0 wt% after 18 months 
(bottom). (b) Schematic diagrams a vesicular dispersion at a low volume fraction (top), 




sedimentation. (c) Cryo-TEM micrographs of DDAB vesicles in water at 𝑐DDAB = 0.5 
wt% (top), and at 𝑐DDAB = 2.0 wt% (bottom). 
 
The cryo-TEM technique allows us to examine directly the microstructures of the 
DDAB vesicular dispersions in water at 0.5 wt% and 2.0 wt% to test the stabilization 
mechanism hypothesis; see Figure 7.1(c). At 0.5 wt%, the DDAB molecules form 
unilamellar vesicles (ULVs), which are shown to be quite spherical and polydisperse with 
an average diameter of 300 nm, and are not in contact with each other. At 2.0 wt%, 
however, in addition to the ULVs, a few multilamellar vesicles (MLVs) are observed. 
Most of the ULVs have sizes larger than 300 nm. The effective volume fraction of the 
vesicles is estimated from their size and the weight fraction, wt%, to be higher than 0.7, 
exceeding the close-packed limit for rigid spheres. Therefore, they do not retain their 
spherical shape, but are deformed to foam-like polyhedral shapes. These observations are 
consistent with those by Regev and Khan,
127
 who prepared their DDAB dispersions by a 
different dispersion procedure, namely shaking for several days.
139
 Several other lines of 
evidence, including the autocorrelation function from the dynamic light scattering 
technique and the electrophoretic mobility from the zeta potential measurements, also 
support the notion that the vesicles have some mobility at 0.5 wt%, but a very low 
mobility at 2.0 wt%, at which the vesicles are essentially trapped or immobilized by each 
other and appear to be in a tightly packed configuration.
139
 The cryo-TEM techniques 
also captured certain actual arrangements of the titania particles within the close-packed 
vesicular microstructure. At 𝑐DDAB = 2.0 wt%, a titania particle, the black particle in the 




only the titania particle motion, either diffusive or gravity-induces motion, but their own 
motion as well. By encountering a high resistance of the close-packed vesicles 
microstructures, the titania particles can no longer settle, move or, agglomerate.  
 
 
Figure 7.2 Cryo-TEM micrographs of titania particles in 2.0 wt% DDAB-water vesicular 
dispersion.  
 
The shear-viscosities 𝜂 of 0.5 wt% and 2.0 wt% DDAB vesicular dispersions were 
measured over a range of shear rates, ?̇?, from 10-4 to 103 s-1. At 𝑐DDAB = 0.5 wt%, the 
dispersion viscosity was too low to allow accurate data to be obtained. For 𝑐DDAB = 2.0 
wt%, the results of 𝜂 vs. 𝜏 and of 𝜂 vs. ?̇? are shown in Figure 7.3. The vesicular dispersion 
was found to be a shear-thinning fluid with a low-shear-stress viscosity of 10
5
 mPa∙s at 
𝜏 ≤0.02 Pa, but with a high-shear-stress viscosity of 10 mPa∙s at 𝜏 > 0.5 Pa. Such shear-
thinning behavior was also reported previously.
133-134
 The local shear-stresses exerted by 




𝑔 = 9.8 m/s2, are about 0.002 to 0.02 Pa. Under this range of shear stresses, the local 
viscosities “felt” by the settling particles are presumably around 105 mPa ⋅ s or higher. 
This is apparently the main reason why the sedimentation rate of the titania particles is 
extremely slow and the particles remain suspended for time scales of 18 months or more. 
By contrast, the wall shear-stresses in gravity-driven bulk flows in capillary tubes with 
diameters of 0.3 to 0.7 mm are about 1 to 10 Pa. At these relative high shear stresses, the 
viscosities are much lower, ca. 10 mPa∙s. Thus, these close-packed DDAB vesicular 
dispersions provide an optimal resistance against the sedimentation of the titania particles 
with diameters about 300±100 nm, without impeding the bulk dispersion. It has to be 
noticed that if the vesicular dispersion flows through a capillary tube with an extremely 
small diameter of 300 to 700 nm, the wall shear stress would be much smaller, around 
0.001 to 0.01 Pa, and the vesicular dispersion would not be able to flow easily. 
 
 
Figure 7.3 Shear viscosity 𝜂 of 2.0 wt% DDAB vesicular dispersion vs. shear stress 𝜏 (■) 




7.4 Brownian dynamic simulations details 
7.4.1 Simulations of particle sedimentation 
In a BD simulation, the trajectories of the motion of spherical particles in an 
isotropic fluid with no hydrodynamic interactions between the particles can be described 
by the twice-integrated Langevin equation. 
𝒓(𝑡 + Δ𝑡) = 𝒓(𝑡) +
𝐷
𝑘B𝑇
𝑭Δ𝑡 + 𝑯(Δ𝑡) (1-10) 
where 𝒓 is the position vector of the particles, Δ𝑡 is the integration time step, and 𝐷 is the 
diffusion coefficient of the single particle. Equation (1-10) is valid, when the chosen 





  (1-11) 
An in-house code was developed for the BD simulations for mixtures of two types of 
colloidal spherical particles: (a) high-𝑃𝑒g particles with 𝑃𝑒g1 = 12000, a volume fraction 
𝜙1 of 0.01, a fixed diameter 𝑑1 of 250 nm, and Δ𝜌1 = 3.2 g/cm3, mimicking the dense 
titania particles; (b) zero-𝑃𝑒g particles with 𝜙2 either equal to zero, or ranging from 0.15 
to 0.53, a fixed diameter 𝑑2, ranging from 200 to 500 nm in different simulations, and a 
density difference of zero, representing non-sedimenting “rigid” DDAB vesicles. The 
particles’ monodispersity and sphericity are an approximation of the actual systems, since 
both the titania particles and the DDAB vesicles are non-spherical with wide ranges of 
size distributions. The high-𝑃𝑒g and the zero-𝑃𝑒g particles will be called “dense particles” 
and “light particles”, respectively. Moreover, we use the term “suspension” for the dense 




that the results refer to the titania particle suspension and the DDAB vesicular dispersion, 
respectively. The Brownian times of the dense and the light particles are 𝑡B1 = 1.63×10
-8
 




, respectively, and the ratio of 𝑡B1 to 𝑡B2 is in the range 
of 1.12 to 7.00. Both types of particles are assumed to be rigid, undeformable, not 
overlapping with each other, and not agglomerating. 
Simulations were done after making the variables in Eq. (1-10) dimensionless with 
𝑑1 and 𝑡B2 as the references. For ensuring adequate particle displacements in each time 
step for both types of particles, we set Δ𝑡 = 20 to 70 𝑡B2, or equivalently Δ𝑡 = 10 to 
20 𝑡B1 . The simulations were performed in a rectangular cell with periodic boundary 
conditions in the x and y direction only and under, in order to manage the computation 
time, two categories: (a) with the number of the dense particles 𝑁1 =1000 and the 
number of the light particles 𝑁2 = 5000 to 18000, when 𝑑2 > 𝑑1; or (b) with 𝑁1 = 200 
and 𝑁2 =4000 to 12000 when 𝑑2 ≤ 𝑑1. The ratio of the height-to-length-to-width of the 
cell was 3:1:1. The cell size was determined from the values of 𝜙1 and 𝑁1.  
Four types of external forces acting on the particles were considered: the net 
gravitational force 𝐹g, the overall DLVO interparticle forces 𝐹DLVO, and the forces 𝐹w due 
to the confinement by impenetrable walls at the bottom and the top of the cell. Firstly, 




In order to have a large value of 𝑃𝑒g1, of about 12000, a large gravitational acceleration 
constant 𝑔 = 104×𝑔0  was chosen, where 𝑔0  is the normal gravity constant (9.8 m/s
2
), 
since the 𝑃𝑒g1-value depends on the cell height 𝐿, which was of microscopic dimension, 




attraction and the electrostatic repulsion,
4, 62, 145
 was used to determine the DLVO 
interparticle force 𝐹DLVO = −
dΦDLVO
d𝑥
. The van der Waals attractive potential energy 
Φ𝑖𝑗
vdw  between two non-identical spherical particles i and j with diameters 𝑑𝑖  and 𝑑𝑗 
respectively, is   
Φ𝑖𝑗

















2 )]  (1-2) 
where 𝐴𝑖𝑗  is the Hamaker constant for particles i and j and 𝑟𝑖𝑗 is the center-to-center 
distance between the particles. For a solution of symmetric z:z electrolyte with a 
concentration 𝑐e, for which the ionic strength 𝐼 is equal to 𝑧𝑐e, the electrostatic repulsive 
potential energy Φ𝑖𝑗
el  between particle i and j is expressed by Eq. (7-3) under the 
condition of constant surface potential according to the Hogg-Healy-Fuerstenau (HHF) 
equation. 
Φ𝑖𝑗













 ) + ln (1 − 𝑒−2𝜅ℎ𝑖𝑗)] 
where 𝜖0 is vacuum permittivity, 𝜖𝑟 is the relative permittivity of the solvent, 𝜓𝑖  and 𝜓𝑗 
is the surface potentials of particles i and j, ℎ𝑖𝑗 = 𝑟𝑖𝑗 −
1
2
(𝑑𝑖 + 𝑑𝑗)  is the surface-to-
surface separation distance, and 𝜅 = √
2𝑒2𝑧2𝑁A𝐼
𝜖0𝜖𝑟𝑘B𝑇
 is the inverse Debye length, in which 𝑁A 
is Avogadro’s constant and 𝑒 is the elementary charge. In order to prevent the particles 
from agglomerating in the simulations, a weak vdW attraction and a strong electrostatic 
repulsion were used, with a resulting strong repulsive barrier. All three Hamaker 




surface potentials for both types of particles were set to be -25 mV, and the ionic strength 
was set at 1 mM. Then, the Debye length 𝜅−1 was equal to 9.6 nm, which is less than 5% 
of 𝑑1 and 𝑑2. These parameters resulted in a DLVO potential energy with a sufficiently 
high energy barrier of 40 to 100 𝑘B𝑇, ensuring that the particles remain unagglomerated. 
Lastly, the repulsive force portion of the Lennard-Jones-type potential was chosen to 
describe the confinement forces 𝐹w, in the z-direction only, between the particles and the 
walls. 






where ℎ is the separation distance between the particle surface and the wall, and the  
positive and negative signs are for the bottom and the top wall, respectively, and 𝜀 is the 
characteristic energy of interaction between the particle and the wall, and is taken to be  
equal to the Hamaker constant 𝐴11 for convenient. 
Initially, the particles were placed at positions corresponding to an fcc lattice 
structure to avoid overlap configurations, since it was difficult to place the particles 
randomly at high total volume fractions when 𝜙1 + 𝜙2 > 0.25. Then, a large number of 
relaxation time steps ( ≥ 105) was used to “melt” the fcc configuration. A random initial 
configuration was, therefore, obtained. Five or more separate simulation runs were done 
in each case, and the averages are reported. The case of dense particles with no light 
particles (𝜙2 = 0) was run first, to obtain the benchmark sedimentation time of the dense 
particles. Then, the effects of 𝜙2  and 𝑑2  on stabilizing, or slowing down, the 
sedimentation of the dense particles were investigated. The positions and the time-




7.4.2 Simulation of shear viscosities or macroviscosities  
The shear-viscosities of the bulk dispersions, containing only the light particles with 
𝑑2 =  500 nm and 𝜙2 =  0.01-0.55, were computed. The BD simulations were done 
similarly as described in Section 7.4.1, except that (a) the simulations were done in a 
cubic cell with 𝑁2 = 2000, and the volume of the cubic cell, 𝑉, was determined from the 
values of 𝑑2, 𝑁2, and 𝜙2, and (b) no gravitational forces and the confinement forces were 
considered.  
Under the zero-shear limit, one may use the following Green-Kubo equation
147
 to 
determine the zero-shear viscosity 𝜂0 







  (7-3) 
where 𝜂∞




the absence of hydrodynamic interactions between the particles with a particle volume 
fraction 𝜙, where 𝜂𝑠 is the solvent viscosity or the viscosity of the continuum phase), and 
𝜎𝑥𝑦(𝑡)  is the 𝑥𝑦  component of the instantaneous stress tensor resulting from the 
interparticle forces. Although the time average of 𝜎𝑥𝑦(𝑡) is zero, it fluctuates about its 
average value due to the Brownian motion of the particles. The shear stress 
autocorrelation function 〈𝜎𝑥𝑦(𝑡)𝜎𝑥𝑦(0)〉  is a measure of how fast these fluctuations 
become uncorrelated. Since there are no preferred directions at equilibrium, the 
autocorrelation functions of 𝜎𝑦𝑧 and 𝜎𝑧𝑥 were also calculated. The average value of the 
three components was used in Eq. (7-3) to reduce the statistical noise and minimize the 




Under shear, a steady linear velocity profile with a velocity gradient, or a shear rate 
?̇? = d𝑢𝑥/d𝑟𝑧 , in x-direction is applied with the use of Lees-Edwards (LE) boundary 
conditions.
148-151
 These LE boundary conditions are extensions of the periodic boundary 
conditions, allowing the simulations of a dispersion in a simple shear flow and 
minimizing the total number of the particles in the simulations. The shear stress resulting 














𝑖=1   (7-4)  
where Φ𝑖𝑗 is the potential energy between the particles i and j, 𝑟𝑖𝑗 is the center-to-center 
distance, and 𝑟𝑖𝑗
𝑥  and 𝑟𝑖𝑗
𝑧  is the 𝑥  component and 𝑧  component of the center-to-center 
distance vector. The instantaneous shear stress was calculated every 100 time steps. Then 
their average 〈𝜎𝑧𝑥〉 was recorded every 10
5
 steps. The systems were determined to reach a 
steady state, where at least 10 continuous average shear stresses fluctuated by ±5% or 
less. The steady-state shear stress, 〈𝜎𝑧𝑥〉𝑠𝑠, was then calculated as the average of those 
continuous fluctuated average shear stresses. The shear viscosity contributed by the 
interparticle forces, 𝜂p, was given by 
 𝜂p = −〈𝜎𝑧𝑥〉𝑠𝑠/?̇? (7-5) 
The steady state non-equilibrium average viscosity of the dispersion 𝜂 with simple shear 
was, therefore, calculated as the sum of the contribution by the interparticle forces and by 
the hydrodynamics of the flow of isolated single particles 𝜂∞
′ , while the hydrodynamic 
interactions between the particles were not concerned in this study.
144, 152
  
 𝜂 = 𝜂p + 𝜂∞




In order to show the relative importance of the shearing force and the Brownian force, 
the shear-rate based Peclet number, 𝑃𝑒γ̇, was used. It is defined as the ratio of the shear 
rate to the diffusion rate of a single particle, or shear-induced mass transfer rate to the 











)3?̇?/𝑘B𝑇  (7-7) 
where 𝑑  is the diameter of the particle, ?̇?  is the shear rate, 𝐷(= 𝑘B𝑇/3𝜋𝑑𝜂𝑠)  is the 
diffusion coefficient for the single particle from the Stokes-Einstein equation, 𝜂𝑠 is the 
viscosity of the continuous phase, 𝑘B is the Boltzmann constant, and T is the absolute 
temperature. 
 
7.4.3 Simulation of microviscosities 
The rheology at the microscopic scale, or “microrheology”, represents the local 
viscous or elastic properties.
141, 146, 153-157
 A classical microrheology experiment involves 
tracking of the motion of one or more colloidal particles due either to thermal fluctuations 
(passive microrheology) or to an external perturbation (active microrheology), in order to 
infer the flow resistance properties of the surrounding environment.
153-157
 Here, we 
examine with BD simulations the active microrheology for particles with DLVO-type 
interactions, as done by Carpen and Brady
141
 and by Gnann et al.
146
 for hard sphere 
dispersions. In these simulations, a “probe” particle with 𝑑1 = 250 nm is forced to move 
through a collection, or “bath,” of particles with 𝑑2 = 500 nm and 𝜙2 = 0.01-0.45, with 
either a constant external force exerted on the probe particle, or with the probe particle 




external perturbation was examined to obtain the average velocity for a constant external 
force, or the average force for a constant velocity. The simulation setup is about the same 
as in Section 7.4.1, except (a) that the simulations were performed in a cubic cell, the 
volume of which is calculated from the values of 𝑁2 and 𝜙2 , with periodic boundary 
conditions in all directions, and (b) that no gravitational or confinement forces were 
considered.  
For the constant force case, a constant external force 𝐹𝑥 was applied on the probe 
particle. The displacement of the probe particle Δ𝑋 was computed every 𝑚 time steps Δ𝑡 
and was used to calculate the velocity, Δ𝑋/𝑚Δ𝑡, resulting from the applied external force. 
The value of 𝑚 was chosen to range from 1×53 to 5×107, depending on the values of 𝜙2 
and 𝐹𝑥. In general, for systems with higher 𝜙2 or lower 𝐹𝑥, higher 𝑚 values were used to 
reduce the Brownian fluctuations. At least 10 continuous velocities were averaged out, 
and the average velocity 〈𝑈𝑥〉 was used for calculating the effective viscosity 𝜂eff of the 
dispersion of the bath particles from Stokes law.  
 𝜂eff = 𝐹𝑥/3𝜋𝑑1〈𝑈𝑥〉   (7-8) 
For the constant velocity case, a constant velocity 𝑈𝑥  was imposed on the probe 
particle, and the average force 〈𝐹𝑥〉  required to maintain this constant velocity was 
calculated over a time period of 𝑚Δ𝑡, where 𝑚 ranged from 1×54 to 1×109, depending 
again on the values of 𝜙2 and 𝐹𝑥. From Stokes law, the effective microviscosity was then, 
 𝜂eff = 〈𝐹𝑥〉/3𝜋𝑑1𝑈𝑥  (7-9)  
For quantifying the relative strength of the external perturbation and the Brownian 
fluctuation, two Peclet numbers, a force-based Peclet number, 𝑃𝑒F, and a velocity-based 











  (7-11) 
The simulation results are in the following sections. 
 
7.5 Simulation results and discussion 
7.5.1 Results on particle sedimentation 
7.5.1.1 Suspension of dense particles only 
For the dense particles with 𝑃𝑒g ≅ 12000 and 𝑑1 = 250 nm, and for 𝜙1 = 0.01, each 
simulation started with a uniform particle concentration profile. The time evolution of the 
particle positions and their concentration profiles of the particles were followed. The 
concentration profiles, shown in Figure 7.4, were in agreement with the predictions from 
the Mason-Weaver equation, which is an unsteady-state sedimentation-diffusion equation 
for a suspension of monodisperse spherical particles.
25
 The particles sedimented 
completely from the top 5% of the cell at time 𝜏1 ≡
𝑡1
𝑡B1
= 7.4×104. This value will serve 
as the computed benchmark timescale for the simulations of Section 7.5.1.2. The particles 
sedimented completely by half height (which equal to 39× 𝑑1 ) at 𝜏 =  5.6×10
5
, and 
completely to the bottom at 𝜏 = 1.5×106. At steady state, the particle concentration or the 
volume fraction at the bottom was about 0.43, which is smaller than the fluid-solid 
transition that first occurs for hard spheres at a packing fraction of 0.49,
158-160
 and the 
most dense regular packing limit of 0.74. If the electrical double layer is considered to 
give rise to an effective diameter 𝑑eff, the effective volume fraction would be 0.54, when 
𝑑eff = 𝑑 + 2𝜅




cm/s, about the same as the value of 0.115 cm/s estimated from Stokes law. This 
agreement implies that diffusion has little effect at such a large gravitational Peclet 
number, as expected. 
 
 







 as projected to the 𝑥𝑧 plane. The dashed lines are at 𝑧 = 
0.95, to guide the eye. 
 
7.5.1.2 Mixtures of dense particles and light particles 
Mixtures of dense particles with 𝑃𝑒g1 ≅ 12000, 𝑑1 = 250 nm, and 𝜙1 =0.01 and of 
light particles with 𝑃𝑒g2 = 0, values of 𝑑2 ranging from 200 to 500 nm, and values of 𝜙2 
ranging from 0.15 to 0.53 were examined. The simulations started with uniform 
concentration profiles of the dense particles and of the light particles. The time evolution 
of the concentration profiles for both types of particles was monitored. At times 𝜏 equal 
to 1000×𝜏1 and 3000×𝜏1 (see Section 7.5.1.1), the particles concentration profiles were 




Thus, the particles concentration profiles were inspected at this shorter time scale of 
1000×𝜏1 in subsequent calculations.  
The suspensions were classified into three groups, depending on the dimensionless 
particle concentration of the dense particles at the top 5% of the cell, 𝑐1(5%), which is 
normalized by the initial concentration: (1) “unstable” suspensions (US), for which 
𝑐1(5%) ≤ 0.2; (2) “stable” suspensions (S), for which 𝑐1(5%) ≥ 0.7; (3) “somewhat 
unstable” suspensions (T), in a transition region, at which 𝑐1(5%) ≅  0.2-0.7. For 
example, for mixtures with 𝑑2 =  300 nm, at 𝜙2 =0.21-0.35, 𝑐1(5%) ≅0; hence, the 
suspensions were unstable; at 𝜙2 = 0.36-0.37, 𝑐1(5%) ≅ 0.20; the suspensions were in 
the transition region; at 𝜙2 = 0.38, 0.41, or 0.43, 𝑐1(5%) > 0.8; the suspensions were 
stable; see Figure 7.5(a).  
 
(a)  (b) (c) 
   
 
Figure 7.5 (a) Dimensionless concentrations of the dense particles at the top 5% of the 
cell, 𝑐1(5%) for mixtures with 𝑑2 = 300 nm and various values of 𝜙2. Snapshots of the 




typical snapshot of an unstable suspension; or (c) 𝜙2 = 0.43, a typical snapshot of a 
stable suspension. 
 
In Figure 7.5(b), the snapshot for the suspension with 𝜙2 = 0.21 shows that the 
dense particles (black, closed circles) sediment completely to the cell bottom, and the 
light particles (blue, open circles) are pushed away from the bottom by the dense particles; 
the suspension was unstable. By contrast, the snapshot for the suspension with 𝜙2 = 0.43, 
Figure 7.5 (c), shows that the dense particles are suspended at random locations in the 
light particle dispersions, and hence the suspension was stable. 
The values of 𝑐1(5%) were affected mainly by the volume fraction of the light 
particles 𝜙2, although the size of the light particles 𝑑2 also had some impact; see Figure 
7.6 and its projection on the 𝑑2 − 𝜙2 plane in Figure 7.7(a). For mixtures with 𝑑2 = 200 
nm, the suspensions are unstable at the low 𝜙2-values of 0.15, 0.18, 0.20, 0.23, and 0.26. 
The suspension becomes more stable at 𝜙2 = 0.30, and remains stable at higher 𝜙2. The 
same trends with 𝜙2 were observed for all sizes of the light particles. The dense particles 
can be stabilized by the light particles with sufficiently high volume fractions 𝜙2. For 
larger light particles, a higher volume fraction 𝜙2  would be needed to provide good 
stability against sedimentation. A linear empirical relationship between 𝑑2 and 𝜙2 was 
found for the lower bound of the stable dispersion: 𝜙2 = 0.000681𝑑2 + 0.166. From 
this equation, one may estimate the volume fraction of the light particles needed to 







Figure 7.6 The dense particle concentration at top 5% of the simulation box, 𝑐1(5%), at 
𝜏 = 1000×𝜏1 with various values of 𝑑2 ranging from 200 to 500 nm, and various values 





Figure 7.7 The stability diagram of the dense particles in the binary mixtures with various 
diameters 𝑑2 and volume fractions 𝜙2 with an ionic strength of (a) 1 mM and (b) 0.15 




that the suspensions are somewhat unstable in the transition region (T), and the triangles 
(▲) represent the unstable suspensions. The dashed lines are the lower bounds of the 
stable suspension.  
 
To examine the possible effects of the use of the DLVO potentials, the ionic 
strength was varied from 1 to 0.15 mM; then, the Debye length increased from 9.6 to 24.6 
nm. The stability diagram of the dense particles against sedimentation in the binary 
mixtures is shown in Figure 7.7(b). The trends of 𝜙2 and of 𝑑2 are the same, and a linear 
relation between 𝑑2  and 𝜙2  was observed again for the lower bound for a stable 
dispersion. This lower bound was shifted slightly downward, probably due to a higher 
effective size of the light particles. The 𝜙2 − 𝑑2 relation is 𝜙2 = 0.000583𝑑2 + 0.102. 
  
7.5.2 Results on shear viscosity or macroviscosity 
The steady-state shear-viscosity of the bulk dispersion of the light particles with 
𝑑2 =  500 nm and various 𝜙2 -vales ranging from 0.1 to 0.55  was examined for 𝑃𝑒γ̇ 
ranging from 0.2 to 50. For 𝜙2 = 0.1 or 0.2, the dispersion behaves as Newtonian fluid, 
and the shear viscosity is the same as the zero-shear-limit viscosity for the 𝑃𝑒γ̇-range we 
examined; see Figure 7.8. For 𝜙2 ≥ 0.35, the dispersions are shear-thinning. At low shear 
rates, or 𝑃𝑒γ̇ ≪ 1, 𝜂 ≅ 𝜂0. At high shear rates, or 𝑃𝑒γ̇ ≫ 10, where the Brownian motion 
becomes negligible relative to the motion due to the shearing force, the viscosity reaches 
a limit that depends only on the volume fraction, and that limiting values are smaller than 




high volume fractions, and also suggest that the bulk suspensions containing mostly light 
particles and small amount of the dense particles have an ability to flow. 
 
 
Figure 7.8 Zero-shear viscosities normalized by the solvent viscosity (dashed line on the 
left) and the normalized steady-state shear viscosities (solid circles) for dispersions 
containing light particles with diameter of 500 nm and various values of volume fractions 
𝜙2 as indicated.  
 
7.5.3 Results on microviscosity 
7.5.3.1 Constant force simulations 
A single-probe particle (𝑑1 = 250 nm) was pulled through a large number of bath 
particles (𝑑2  = 500 nm) for a range of volume fractions, 0.01  ≤ 𝜙2 ≤ 0.45, and force-
based Peclect numbers, 10−1 ≤ 𝑃𝑒F ≤ 10
4, to examine the effects of the driving force 
on the local viscosity, or the effective microviscosity, around the probe particle under 
different volume fractions of the bath particles. The reduced microviscoisty 𝜂eff/𝜂s  , 




against 𝑃𝑒F  for various 𝜙2 -values in Figure 7.9. For 𝜙2 ≤ 0.10, the reduced 
microviscsoity is about 1.0 for all 𝑃𝑒𝐹-values tested. At these low volume fractions, there 
are too few bath particles in the vicinity of the probe particle to have, on average, any 
impact on its motion, when no hydrodynamic interparticle interactions are considered, 









, for a constant force system and various volume fractions. The dashed line is 
at 𝑃𝑒F = 25 to guide the eye. 
 
For 0.20 ≤ 𝜙2 ≤ 0.30, at 𝑃𝑒F ≤ 0.2, the relative viscosity is again about 1.0, because 
the driving force on the probe particle was much smaller that the Brownian force. Hence, 
the motion of the probe particle is primarily due to the Brownian fluctuation, and the 
effective microviscosity is, therefore, nearly the same as the solvent viscosity. For 
0.5 ≤ 𝑃𝑒F < 1, a linear relation between the applied force and the responding velocity 




value increases further, the microviscosity is “force-thinning” (decreases with increasing 
force), analogously to “shear-thinning,” suggesting that the probe particle perturbs the 
surrounding microstructure, and rearrange the positions of the surrounding light particles. 
At high 𝑃𝑒F, over 1000, a second Newtonian plateau is observed.  
At high volume fractions, 𝜙2 ≥ 0.35, the effective microviscosity 𝜂eff  shows a 
qualitatively different behavior. For 𝜙2 = 0.35  and 0.40, at 𝑃𝑒F ≈ 1, the reduced 
microviscosities are around 1000, with large standard deviations. These large 𝜂eff-values 
suggest that the probe particle motion is severely hindered by the bath particles. For the 
highest volume fraction examined, 𝜙2 = 0.45, the dispersion has a very large 
microviscosity at 𝑃𝑒F ≈ 1. Therefore, to some extent, the probe particle is “caged,” by 
the bath particles, which provide a strong resistance to the motion of the dense particle. 
The reduced microviscosity for 𝜙2 = 0.35, 0.40, and 0.45, drop to around 30, 100, and 
3000, respectively at 𝑃𝑒F ≈ 25, and to around 10 or less at 𝑃𝑒F > 1000. When the driving 
force is large, the persistent motion of the probe particle is strong enough to “deconstruct” 
its local environment, pushing the densely-packed bath particles out of its way. Such 
behavior has been reported in confocal microscopy data by Habdas et al.
162
 and 
confirmed by BD simulations by Carpen and Brady
141
 and by Gnann et al.
146
  
For 𝑃𝑒F > 1000, no BD simulation results were obtained because of the difficulty in 
preventing the artificial agglomeration of the probe particle with the bath particles. At 
this large driving force, and due to the discrete nature of the BDS algorithm, the probe 
particle can sometimes “jump” over the repulsive barrier between itself and another 




This force-induced microrheology is consistent with the BDS results of the 
sedimentation behavior of the dense particles in Section 7.5.1.2, where the dense particles 
remained suspended in the suspensions containing the light particles with 𝑑2 = 500 nm at 
𝜙2 ≥ 0.5. The gravitational force acting on the dense particles can be considered as the 
driving force applied on the probe particle. The microviscosity of the bath particles is the 
local viscosity “felt” by the dense particles, surrounded by the light particles. The 
gravitational force on the dense particles (𝑑1 = 250 nm and 𝛥𝜌 = 3200 kg/m
3
) is about 
8.16×10
-13
 N with 𝑔 =  9.8×13 m/s2, and the force-based Peclet number is therefore 
around 25. For 𝑃𝑒F = 25, at  𝜙2 ≤ 0.30, the reduced viscosities are smaller than 10, and 
at 𝜙2 = 0.35 or 0.40, the reduced microviscosity is about 33 or 100. The rate of particle 
sedimentation is reduced at most by about 100-fold, compared to that in the absence of 
the light particles; the dense particles sediment eventually. At 𝜙2 =  0.45, 𝜂eff/𝜂𝑠  is 
around 3000 with a large standard deviation, the dense particles can remain suspended for 
times larger than their original sedimentation times by around 3000 times. The large 
standard deviations imply, however, that some suspensions could be unstable under this 
condition, and suggest an explanation on why the suspension with 𝜙2 ≈  0.45 is 
somewhat unstable and in the transition region. Although no microviscosities were 
obtainable by BD simulation at 𝜙2 > 0.50, we speculate that they would be even higher, 
and that the dense particles would remain suspended for even longer times, as observed 





7.5.3.2 Constant velocity simulations 
Rather than by imposing a fixed external force on the probe particle (𝑑1 = 250 nm), 
the probe particle was pulled through the bath particles (𝑑2  = 500 nm) with a constant 
velocity. We thus computed the local viscosity around the probe particles at different 
volume fractions of the bath particles, 𝜙2, ranging from 0.01 to 0.45, when 10
-1
 ≤ 𝑃𝑒U ≤ 
10
4
. The effective viscosity was normalized by the solvent viscosity and then plotted 
against the velocity-based Peclet number in Figure 7.10. For 𝜙2 ≤0.10, the reduced 
microviscosity is about 1.0 for the 𝑃𝑒𝑈 -range we examined, and are qualitatively 
consistent with the ones for the fixed force cases. In such dilute dispersions, the bath 
particles have, on average, no impact on the motion of the probe particle. For 0.20 ≤
𝜙2 ≤ 0.30,  the relative viscosity decreases with increasing 𝑃𝑒U and reaches a plateau at 
𝑃𝑒𝑈 ≥ 200, suggesting that the probe particle rearrange the surrounding light particles, as 
observed by Swan et al.
161
 In this 𝜙2-range, the 𝜂eff-values obtained from the constant 
velocity cases and the constant force cases differ by around 60% for 𝑃𝑒𝑈 ≤ 0.20, but are 
essentially the same for 𝑃𝑒𝑈 ≥ 0.5.   
For higher volume fractions, or 𝜙2 = 0.35, 0.40, and 0.45, the effective 
microviscosities are velocity-thinning (decrease with increasing velocity), as for 0.20 ≤
𝜙2 ≤ 0.30, but have higher values, and seem to reach their plateaus at 𝑃𝑒𝑈 > 200. For 
even higher 𝑃𝑒𝑈-values, no simulation results would be obtained since the probe particle 
“jumps” over the interparticle repulsive barriers between itself and another particle to 
cause an artificial agglomeration between itself and the bath particles. For these volume 
fractions, the fixed-velocity microviscosities were much smaller by several orders of 




discrete nature of the BDS algorithm since the time step has to be always of magnitude an 
order larger than the Brownian time. At such higher volume fractions, the probe particle 
with a fixed velocity might jump through the position, which has the minimum separation 
distance between the probe particle and a bath particle, yielding a smaller experienced 
resistance. By contrast, the probe particle in the fixed force mode has no chance to jump 
through that position yielding a larger, but more realistic, resistance.  
 
 
Figure 7.10 The reduced microviscosity, the effective microviscosity 𝜂eff normalized by 
the solvent viscosity 𝜂s, with various volume fractions are plotted against the force-based 
Peclet number, 𝑃𝑒U ≡
𝑈𝑑1
2𝐷
, for a constant velocity system. The dashed line is at 𝑃𝑒U = 25 
to guide the eye. 
7.6 Conclusions 
In Chapter 6, we presented a novel use of close-packed vesicular dispersions for 
stabilizing commercial titania particles with 𝛥𝜌 =3.2 g/cm3 and 𝑑TiO2 = 300±100 nm.
139
 
Some key data were shown again in this chapter, to enable the reader to understand the 




surfactant, didodecyldimethyl ammonium bromide (DDAB), forming vesicular 
dispersions, was chosen for study. The sedimentation stability of 1 wt% titania particles 
in either 0.5 wt% or 2.0 wt% DDAB vesicular dispersions was examined. A marked 
difference was observed in these two cases. Whereas, at the lower 𝑐DDAB, the particles 
sedimented completely after 2 months; at the higher 𝑐DDAB, they remained suspended for 
at least 18 months. A stabilization mechanism against sedimentation was proposed, and is 
supported by many lines of evidence, including cryoTEM microscopy. At low DDAB 
concentrations, less than 1.0 wt%, the volume fractions of the vesicles are quite small, 
and the vesicles and the titania particles can easily move around. By contrast, at 𝑐DDAB 
over 1.0 wt%, the volume fractions of the deformable vesicles become quite high, higher 
than 0.7, exceeding the close-packed limit for rigid spheres. Hence, the vesicles trap 
themselves into a foam-like microstructure. In turn, the titania particles become trapped 
in this microstructure. Such close-packed vesicular dispersions provide a high resistance 
against the diffusive or gravity-induced motion of the titania particles. Nonetheless, the 
vesicular dispersions are highly shear-thinning. At high shear rates or shear stresses, the 
flow of the overall bulk suspension is not significantly impeded. The bulk viscosity 
remains low, allowing easy flow in ink-jet printers and other applications. 
To elucidate theoretically the key factors of the mechanism by which vesicles or 
non-settling particles can stabilize dense particles, we have used BD simulations. For 
suspensions consisting of dense particles (𝑑1 = 250 nm, 𝜙1 = 0.01, and 𝑃𝑒g1 = 12000) 
and light particles (𝑑2 = 200-500 nm, 𝜙2 = 0.15-0.55, and 𝑃𝑒g2 = 0), to mimic certain 
conditions of the experimental results. At these conditions, the dense particles are 




titania particles. The light particles remain suspended indefinitely under gravity, and 
represent the vesicles, which are now assumed to be rigid for simplicity. The particles are 
assumed to interact with DLVO potentials, the parameters of which are chosen to 
represent strong interparticle repulsions among non-agglomerating particles. The 
parameters chosen to achieve this goal were 𝐴11 = 𝐴12 = 𝐴22 = 0.5𝑘B𝑇, 𝜁1 = 𝜁2 = -25 
mV, and 𝐼 =1 mM or 0.15 mM. The repulsive DLVO energy barrier ranges from 40𝑘B𝑇 
to 100𝑘B𝑇. The Debye lengths are 9.6 nm and 24.6 nm for 𝐼 = 1 mM and 𝐼 = 0.15 mM. 
In both cases, the simulation results show that the stability of the dense particles against 
sedimentation improves with increasing volume fraction of the light particles, 𝜙2. When 
𝜙2 exceeds a threshold, the dense particles are found to remain suspended for very long 
times. Furthermore, this threshold was found to be higher for larger light particles. The 
threshold results of 𝜙2  vs 𝑑2  were fit to two linear empirical relationships: 𝜙2 =
0.001d2 + 0.166  for 𝐼 = 1 mM , and 𝜙2 = 0.001𝑑2 + 0.102  for 𝐼 = 0.15 mM . For a 
given 𝑑2, the 𝜙2-thresholds are slightly higher at the higher ionic strength at which the 
effective volume fraction is smaller.  
A large effective volume fraction may be achieved for the same-size light particles 
by using charged light particles, or by attaching a polymer or a long-chain surfactant to 
the light particle surfaces. Moreover, if deformable light particles, such as DDAB 
vesicles, are used, the volume fraction needed for stabilizing the dense particles would 
need to be higher than predicted by the BD simulation. 
The macroviscosities (or shear viscosity) of dispersions of light particles were also 
computed as a function of 𝜙2 for 𝑑2 = 500 nm and a wide range of shear rates (or 𝑃𝑒γ̇). 




flowability while stabilizing the dense particles against sedimentation. At low shear rates, 
or low values of 𝑃𝑒γ̇, the dispersions are predicted to be Newtonian, with bulk viscosities 
approaching their zero-shear-limit values. At moderate shear rates, 0.5 < 𝑃𝑒?̇? < 10, the 
dispersions show shear-thinning behaviors. At even higher shear rates, the dispersions 
reach another viscosity plateau, at which the viscosities depend only on 𝜙2, and their 
values are lower than 10 times the solvent’s bulk viscosity. These low values suggest that 
the dispersions retain their ability to flow under moderate shear rates (or stresses) even 
though they provide resistance to the settling of the dense particles.  
The microviscosity of the light particles was examined for 𝑑2 = 500 nm and 𝜙2 
ranging from 0.01 to 0.45 by pulling a probe particle through a collection of the light 
particles, and examining the response of the probe particle motion to the external 
perturbation. The results show that the probe particle, with either a constant external 
force exerted on it or at constant velocity, rearranges the positions of the surrounding 
light particles, resulting in a force-thinning or a velocity-thinning behavior. However, the 
fixed-force microviscosity and the fixed-velocity microviscosity are fundamentally 
different. The local viscosities around the dense particles, or those “felt” by the dense 
particles, are closer to the values of the fixed-force microviscosities, since the 
gravitational force acting on the dense particles can be considered as the external force 
exerted on the probe particle. The force-based Peclet numbers are around 25 for the 
gravitational forces experienced by the dense particles in the sedimentation study. At 
𝑃𝑒F ≈ 25, at  𝜙2 ≤0.40, 𝜂eff/𝜂𝑠 ≤100, suggesting that the dense particles settle, but more 
slowly under such conditions. On the other hand, at 𝜙2 = 0.45, 𝜂eff/𝜂𝑠 ≈ 3000 with a 




somewhat unstable against sedimentation at 𝜙2 ≈ 0.45. Based on the observed trends of 
𝜂eff/𝜂𝑠-value, it is plausible to speculate that, at 𝜙2 > 0.50, the 𝜂eff/𝜂𝑠-value would be 
much larger, and that the dense particles could remain suspended either indefinitely or for 
extremely longer times.  
The BDS results indicate, consistently with the experimental data, that the 
concentrated dispersions of the light, or non-settling, particles can provide a moderate 
resistance against the sedimentation of the dense particles. The key factor in this 
stabilization mechanism hypothesis is the volume fraction of the light particles, since the 
volume fraction of the light particles can control the local viscosity around the dense 
particles; see Figure 7.1. Furthermore, the size of the light particles also has small effects. 
In addition, the simulation results also support that the bulk suspensions can retain their 






8. CONCLUSIONS AND RECOMMENDATIONS 
8.1 Overview 
The processes of agglomeration and sedimentation are manifested in natural 
phenomena and in engineering applications, and are the key factors that control the 
stability of suspensions. The suspension stability is important for producing robust and 
stable industrial products, such as inks, paints, cosmetics, detergents, foods, consumer 
products, pharmaceuticals, and drug delivery systems. By contrast, the processes of 
destabilization, including agglomerating, settling, and creaming, in colloidal suspensions 
or emulsions have other industrial or biomedical applications, mostly for separation 
purposes.   
This thesis deals, for the first time in substantial detail, with the stability of aqueous 
(or other) suspensions not only against agglomeration, but also, primarily against 
sedimentation. We present a series of novel experiments, and analytical and 
computational studies, to investigate the effects of particle diffusion and particle 
agglomeration on sedimentation, and also the particle concentration effects on 
agglomeration, and, in turn, on sedimentation. Moreover, we have advanced the 
understanding of the destabilization processes of depletion-induced flocculation, and of 
vesicular-based stabilization against sedimentation. In these studies, to show the relative 




the gravitational Peclet number, 𝑃𝑒g =
𝑣sed𝑐
𝐷𝑐 𝐿⁄
= 𝜋𝑑3∆𝜌𝑔𝐿 6𝑘B𝑇⁄ , which is defined as the 
ratio of the sedimentation flux to the diffusion flux. 
 
8.2 Titania particles in micellar solutions or vesicular dispersions 
We have examined first the stability of suspensions of solid commercial titania 
nanoparticles against sedimentation and agglomeration in two different types of 
suspension media, aqueous surfactant micellar solutions and aqueous surfactant vesicular 
dispersions. The titania nanoparticles were not perfectly spherical but globular, as shown 
in the SEM (scanning electron microscopy) images; see Figure 3.1. Moreover, they were 
quite polydisperse. For these titania suspensions, where Δ𝜌 =  3.2 g/cm3, 𝑑TiO2 = 
280±100 nm, 𝐿 = 0.01 m, 𝑇 = 298 K, and 𝑔 = 9.8 m/s2, the 𝑃𝑒g-values are quite high, 
much larger than 10. This implies that the diffusion effect is negligible and the particles 
will settle out even without any agglomeration, and even faster when there is some 
agglomeration. Three surfactants were used to prepare the suspension media: (1) an 
anionic single-chain surfactant, sodium dodecylsulfate (SDS); (2) a nonionic single-chain 
surfactant, Triton X-100 (TX100), and (3) a cationic double-chain surfactant, 
didodecyldimethylammonium bromide (DDAB). DDAB molecules do not form a 
molecular or micellar (one-phase) solution, but a lyophobic vesicular (two-phase) 
dispersion. Several significant qualitative or quantitative differences were found in 





SDS and TX100 form micelles in water. The critical micelle concentrations (cmc) 
for SDS, in water or in 100 mM NaCl solution, are 8.2 or 1.5 mM. The cmc for TX100 in 
water is 0.24 mM. For 𝑐SDS =  0.1 to 200 mM, the viscosities of the SDS solutions 
increase slightly, from 1.0 to 1.6 mPa∙s (1.0 to 1.6 cP in CGS units) in water, and from 
0.9 to 1.4 mPa∙s in 100 mM NaCl solution. The small discrepancies observed between the 
data and the Einstein viscosity relation with the micelle diameter of 3 nm are probably 
due, in part, to the nonspherical micelle shape, or the micelle charge, or to micelle 
hydration. By contrast, for 𝑐TX100 =  0.05 to 250 mM, the viscosities of the TX100 
solutions vary with surfactant concentration, from 0.89 to 6.55 mPa∙s. The data, for 
TX100, are in good agreement with the Krieger-Dougherty (KD) viscosity equation for 
oblate spheroids (with half-axes a = b > c ) with an axes ratio (a/c) of 2.0  and an 
equivalent diameter of 8 nm, in which the substantial hydration of the micellar head 
groups is included. The small discrepancies between the data and the KD equation at the 
higher concentrations may be attributed to some interactions among the micelles, or to 
the effects of increasing micelle sizes due to increasing aggregation numbers. Each 
surfactant monomer, SDS or TX100, adsorbs on the particle surfaces, producing either 
strong repulsive electrostatic interactions between the titania particles for SDS, or weak 
repulsive steric interactions for TX100 and probably SDS as well, to stabilize the 
particles against agglomeration, and in turn slow down the sedimentation process. At 
concentrations close to the cmc, the adsorbed SDS molecules are inferred to form a 
bilayer structure on the particle surfaces. By contrast, the adsorbed TX100 molecules 
seem to lay flat on the surface. The maximum adsorbed density of SDS on the titania 




Three regions of surfactant concentrations with different settling behavior were 
observed for each surfactant. For SDS and 𝑐SDS < cmc (region 1) or for TX100 and 
𝑐TX100 < cmc (region A), the half-time 𝑡s increased with surfactant concentration, from 1 
h to 45 h for SDS, and from 1 h to 30 h for TX100. The increase in 𝑡s-value is attributed 
to the increasing adsorbed surfactant density, yielding stronger repulsive interactions, 
preventing the particles from agglomerating. The smaller maximum half-time in TX100 
system suggests a slightly worse dispersibility in TX100 solutions than in SDS solutions, 
due to the smaller maximum adsorbed densities of TX100. In region 1 or A, the effects of 
viscosity were negligible for both systems. For SDS and cmc < 𝑐SDS < 𝑐
∗  (region 2), 
where 𝑐∗ = 60 mM in water and 105 mM in 100 mM NaCl solution, or for TX100 and 
cmc < 𝑐TX100 < 𝑐
∗∗ (region B), where 𝑐∗∗ = 20 mM in water, the half-times remained 
constant. This suggests little or no further agglomeration (here, coagulation) before the 
particles settled. The surfactants, either the monomers or the micelles, have no effect on 
either the rate of sedimentation or the rate of agglomeration. In region 2 or B, no 
viscosity effect was observed in both systems.  
For 𝑐SDS > 𝑐
∗  (region 3) or 𝑐TX100 > 𝑐
∗∗  (region C), a substantially different 
behavior was found for SDS vs TX100. For SDS, the half-time dropped dramatically to 
1-2 h, and remained essentially constant with further increasing 𝑐SDS . The large 
concentrations of the SDS micelles induced strong depletion attractive interactions, 
yielding fast agglomeration, which was shown to be easily reversible flocculation. In this 
range of SDS concentration, the particles are stable against coagulation, but unstable 
against flocculation. This inference is supported by DLS (dynamic light scattering) data 




showed a smaller, compared to the curves without depletion interactions, but still large 
energy barrier of about 18 𝑘B𝑇. This barrier can prevent the particles from coagulating. 
The curve also showed a deeper secondary minimum of about 12 𝑘B𝑇, which is the main 
cause of the observed flocculation. In addition, the depletant size used in the calculations 
was not the actual micelle diameter, 𝑎, but a larger value, accounting for the Debye 
length 𝜅−1 of each side of the micelles and of the particles, 𝑎 + 4𝜅−1. On the other hand, 
in 100 mM NaCl solution, the Debye length is smaller, due to the higher ionic strength. 
Thus, one has to use in the calculation a higher depletant or micelle concentration 𝑐∗ to 
trigger the substantial depletion effect, as observed in the 𝑡s data. 
By contrast, in region C for the TX100 system, the half-times increased from 30 h to 
about 142 h at 𝑐TX100 = 250 mM. The increase mainly resulted from the viscosity effects 
of the TX100 micellar solutions. Unlike the SDS system, it would seem at first that there 
was no apparent depletion-induced flocculation. However, after the 𝑡s -values were 
corrected, or divided by the ratio of the respective viscosities of the micellar solution to 
that of water, the corrected half-times 𝑡s
I decreased to about 20 h at 𝑐TX100 = 250 mM. 
This correction unmasks the micelle-induced depletion, which was hidden by the increase 
of the viscosity. A secondarily-corrected half-time 𝑡s
II was calculated further, by dividing 
𝑡s
I by the same ratio, to account for the viscosity effect on the rate of agglomeration.  The 
new corrected s
II-values indicate an even stronger depletion effect. 
The behavior of DDAB vesicular dispersions was quite different from that of the 
surfactant solutions, and unique indeed. With stirring, or with stirring and sonication, this 
double-chain surfactant forms in water mostly large unilamellar vesicles. The vesicles 




At 2 wt%, the DDAB vesicles with diameters larger than 400nm were close-packed with 
polyhedral shapes. Their volume fraction was beyond the close-packed limit for 
undeformed spheres, as confirmed by using the cryo-TEM (cryo-transmission electron 
microscopy) technique. Several independent lines of evidence, including DLS and zeta 
potential measurements, support the hypothesis of a severely restricted mobility of the 
vesicles. The rheological behavior of the DDAB dispersions was determined. They are 
highly shear-thinning, with viscosities of 104 to 106 mPa ∙ s at low shear stresses from 
0.002 to 0.02 Pa, and viscosities of 10 mPa ∙ s at high shear stresses from 5 to 10 Pa. 
Under these conditions, the shear-stresses arising from the gravitational forces of the 
titania particles with diameters of about 200 to 400 nm are small. Then, the particles 
respond to, or “feel”, the high low-shear-stress viscosities, and their mobility is extremely 
slow. On the other hand, the bulk suspensions can flow freely in a typical capillary tube 
with a diameter of 1 to 10  mm. These close-packed vesicular dispersions provide an 
optimal resistance against sedimentation of high-𝑃𝑒g  particles, without impeding the 
motion of the bulk flow of the titania suspensions. For one example shown in this thesis, 
the titania particles remained suspended for at least 18 months. Nonetheless, the 
flowability of the bulk suspensions was still quite suitable for the ink-jet printing 
applications, because of their low high-shear-stress viscosity. See also Section 8.5 for 
relevant Brownian dynamic simulation results. An international patent application, 
related to the DDAB and titania systems, has been filed and published, in collaboration 





8.3 Silica monodisperse suspensions with various salt concentrations 
To study the effect of interparticle interactions on the rates of agglomeration and 
further on the rates of sedimentation, we have measured the half-times 𝑡s  of 
monodisperse silica particles in water, in ethanol, and in aqueous NaBr solutions with 
𝑐NaBr ranging from 50 to 1000 mM. The silica particles were nearly perfectly spherical 
and quite monodisperse, as shown in the SEM images. The particles have diameters of 
about 750, 496, or 353 nm, as determined with the DLS data. Their 𝑃𝑒g-values are much 
larger than 100, suggesting a negligible diffusion effect on the edimentation. In water or 
in ethanol, the particles were negatively charged. Their 𝑡s-values were found to be the 
same as the ones predicted by the Stokes law, suggesting that the dispersed particles were 
monodisperse, and well dispersed, and that they remained so during the settling process. 
By the addition of an electrolyte NaBr into the suspensions, the charges on the particles 
were screened by the ions, resulting in weaker electrostatic interactions, which might 
cause an increase in the agglomeration rate of the particles. Three regions of NaBr 
concentrations with different settling behavior were found for each size. At lower 𝑐NaBr-
values (region I), the 𝑡s-values were the same as at no salt conditions, suggesting that 
there was little or no agglomeration before the particles settled. At moderate 𝑐NaBr-values 
(region II), the 𝑡s-values decreased with increasing 𝑐NaBr and were very sensitive to the 
salt concentration. While settling, the particles underwent some agglomeration, forming 
medium-size clusters. The agglomeration time for forming medium-size clusters and the 
sedimentation time of those medium-size clusters were inferred to be comparable. At 
higher 𝑐NaBr-values (region III), the 𝑡s -values were quite similar for all particles and 




By further increasing the particle concentration, the rate of the particle collisions 
increased, causing the particles to agglomerate faster, and then to settle faster. These 
model silica suspensions were used to evaluate the new models, presented in this thesis, 
for predicting the measured (or net) sedimentation half-times. The data were in accord 
with the model predictions qualitatively and semi-quantitatively.  
 
8.4 Models for predicting half-times of sedimentation 
To predict the measured (net) half-times of sedimentation, several models were 
presented and discussed. The classical Mason-Weaver model was used for describing the 
sedimentation rate of suspensions of monodisperse particles in the absence of 
agglomeration. A new modified model based on the Mason-Weaver equation was 
developed for the suspensions with polydisperse-size particles. To account for the effects 
of agglomeration, we developed several new models, based on the Smoluchowski steady-
state model or the generalized unsteady-state model of agglomeration,
72
 and on the 
Stokes law, for suspensions with initially monodisperse silica, or other high-density, 
particles.  
In the absence of any effects of particle agglomeration, the classical model of 
Mason-Weaver was modified for a polydisperse system by using a Gaussian-type discrete 
size distribution. It is based on the assumption that the sedimentation of particles of one 
size has no effect on the sedimentation of other particles with different sizes. The model 
is considered to be valid only for dilute suspensions of non-interacting particles. From 
some sample calculations, we found that the polydispersity can have a significant effect 




smaller particles. In addition, the model predictions are consistent with the results for 
polydisperse titania particles in SDS solutions or in TX100 solutions.  
To account for the effects of agglomeration, we have developed models for 
suspensions containing high-density, or high- 𝑃𝑒g -value, particles. We used the 
Smoluchowski steady-state and the unsteady-state models to predict the agglomeration 
times, 𝑡a𝑛, for forming clusters with 𝑛 primary particles (or monomers). The Stokes law 
was used for predicting the intrinsic sedimentation half time 𝑡s𝑛 of these clusters. As n 
increases, 𝑡a𝑛 increases, while 𝑡s𝑛 decreases. At a certain cluster size of 𝑛 = 𝑛
∗, where 
𝑡a𝑛∗ = 𝑡s𝑛∗, the net half-time 𝑡s
∗ is about equal to 𝑡a𝑛∗ and to 𝑡s𝑛∗. The models consider 
initially monodisperse particles that interact via the hard-sphere potential or otherwise. 
To obtain analytical expressions for 𝑡a𝑛, we have made the following simplifications and 
assumptions: (1) only clusters of size 2𝑁m are considered, where 𝑁m is an positive integer; 
(2) the clusters are described by a fractal model; (3) while particles agglomerate, they do 
not settle; (4) the processes of agglomeration and sedimentation occur sequentially. Since 
the formation of clusters with other numbers of monomers is neglected, the models 
underestimate the agglomeration rate, and then provide an upper bound of the 
agglomeration times. In turn, the net sedimentation half-times are somewhat 
overpredicted. The model predictions, however, are qualitatively and semi-quantitatively 
consistent with the data of the silica suspensions, as discussed earlier. The models can be 
used for estimating the sedimentation times, the agglomeration times, and the clusters 
sizes as a function of time, and for estimating the Fuchs-Smoluchowski stability ratios, 
by comparing or fitting the model predictions with the experimental data. The models can 




times for polydisperse systems. This was done for the titania suspensions,
27
 by treating 
the actual polydisperse suspension as an initially monodisperse suspension of the smallest 
particles fractions, which mainly control the sedimentation times.   
 
8.5 Brownian dynamic simulations  
Finally, we have used Brownian dynamics simulations to elucidate the key factors of 
the mechanisms by which vesicles or other non-settling particles can stabilize the dense 
particles against sedimentation; see Section 8.3. The simulations were done for mixtures 
of two types of colloidal spherical particles interacting via highly repulsive DLVO 
potentials. For high-density particles, or “dense particles,” the 𝑃𝑒g-value is high. In the 
absence of other particles, these particles settle rapidly. For the second type of particles, 
𝑃𝑒g is zero (in practice, very small, ≪ 1), to mimic the behavior of non-settling “rigid 
vesicles,” called “light particles”. The effects of the volume fraction and the size of the 
light particles on the stability of the dense particles against sedimentation are examined. 
The rheological behavior of the light particle dispersions, and the local viscosities around 
the dense particles in the mixtures are computed from the simulations.  
The simulation results show that the key factor in this mechanism is the volume 
fraction 𝜙2  of the light particles, as would be expected. The stability of the dense 
particles against sedimentation improves with increasing 𝜙2 . Furthermore, the dense 
particles remained suspended indefinitely as 𝜙2 exceeds a threshold of about 0.3 to 0.5. 
The threshold is higher for the larger light particles. The light particle dispersions are 
predicted to be shear-thinning, suggesting that they can be flowable. So are the bulk 




small volume fractions of the dense particles should not significantly affect the total 
viscosities. Furthermore, the local viscosities, or microviscosities, around the dense 
particles in the particle mixtures are predicted to increase with increasing 𝜙2 . These 
mocroviscosities are responsible for the slow sedimentation behavior of the dense 
particles, and for the stability of these particles against sedimentation. The BDS results 
indicate, consistently with the data in Section 8.3, that the dispersions of the light 
particles or the non-settling particles, such as the vesicular dispersions in Chapter 6, can 
provide a general method for long-term stabilization against sedimentation of suspensions 
of the dense particles. Most importantly, this can be done without impeding significantly 
the flow of the bulk suspensions for a wide range of the particle sizes and volume 
fractions.  
 
8.6 Recommendations for future research  
On the basis of the results and the insights gained in this thesis, in our judgment, the 
following subjects deserve further detailed study in future research. 
1. Extension of the studies on the effects of agglomeration on the sedimentation:  
In Chapter 4, the new models of sedimentation and agglomeration were developed 
for predicting the measured or net sedimentation half-time. The models can also predict 
the sizes of the cluster and their agglomeration times. In the models, we assumed two 
processes, agglomeration and sedimentation, occur sequentially, but they should occur 
simultaneously. The models were first evaluated with an initially monodisperse spherical 
silica particles system by measuring the sedimentation half-time, which were compared 




one might be able to improve the models, as needed. Another way to evaluate the models 
and the processes of sedimentation coupled with sedimentation is setting up a Brownian 
dynamic simulation to take both processes into account. In the simulation, one might 
need to presume the particles interacting with DVLO potentials and to use the fractal 
model to describe the sizes, shapes, and densities of the clusters. 
 
2. Extension of the experimental studies on the vesicular stabilization mechanism: 
In Chapter 6, we presented the novel use of close-packed vesicular dispersions to 
stabilize the commercial high-density titania particles. For forming close-packed vesicles, 
a double chain cationic surfactant, didodecyldimethylammonium bromide (DDAB) was 
used. The DDAB vesicles were quite polydisperse and their sizes were in the range of 
200 nm and 600 nm. It is worthwhile to examine how the polydispersity of the DDAB 
vesicles and how their sizes will affect the extent of close-packing and further affect their 
ability to stabilize the high-density particles. One may use the method of vesicles 
extrusion as shown by Frisken et al.
163
 or vesicles of extrusion-dialysis as shown by Zhu 
et al.
164
 to prepare monodisperse vesicular dispersions; the sizes and the microstructures 
of the vesicles can be examined again by Cryo-TEM technique. In addition, for 
examining the universality of the vesicular stabilization mechanism, one can use other 
double-chain surfactants,
125
 binary copolymer mixtures,
165-167
 or surfactant mixtures
168-169
 







3. Expansions of the BD simulations to examine the vesicular stabilization mechanism: 
 In Chapter 7, we found out that the key factor in this stabilization mechanism is the 
volume fraction of the light particles, which serve as stabilizers in this mechanism. In the 
recent BD simulation, the light particles are assumed to be rigid, undeformable and not 
overlapping with each other; however, the vesicles are deformable. Hence, it is 
worthwhile to improve our BD simulation to concern the deformability of the light 
particles. Although it would be difficult and complicated to change the shape of the 
particles directly during the simulation, one can use the lattice-spring model
170
 to 
consider the deformable particles. The stability of suspensions against sedimentation, and 
the macrorheology and the microrheology of the dispersions consisting of the deformable 
light particles will need to be examined. The simulation results can compare to 
experimental results of the second point of the recommendations of future research for 






















LIST OF REFERENCES 
1. Thorne, P. C. L. An introduction to theoretical and applied colloid chemistry. By 
Dr. Wolfgang Ostwald. Authorised translation from the eighth German edition by 
Dr. M. H. Fischer. New York: John Wiley and Sons, Inc.; London: Chapman and 
Hall, Ltd., 1922. Price 12s. 6d. Journal of the Society of Chemical Industry 1923, 
42, 917-917. 
2. Elimelech, M.; Gregory, J.; Jia, X. Particle deposition and aggregation: 
measurement, modelling and simulation; Butterworth-Heinemann2013. 
3. Hamaker, H. C. The London—van der Waals attraction between spherical particles. 
Physica 1937, 4, 1058-1072. 
4. Hiemenz, P. C.; Rajagopalan, R. Principles of Colloid and Surface Chemistry; 3 ed.; 
Marcel Dekker: New York, 1997. 
5. Ackler, H. D.; French, R. H.; Chiang, Y. M. Comparisons of Hamaker constants for 
ceramic systems with intervening vacuum or water: From force laws and physical 
properties. J. Colloid Interface Sci. 1996, 179, 460-469. 
6. Dzyaloshinskii, I. E.; Lifshitz, E. M.; Pitaevskii, L. P. The general theory of van der 
Waals forces. Adv Phys 1961, 10, 165-209. 
7. Bergström, L. Hamaker constants of inorganic materials. Adv. Colloid Interface Sci. 
1997, 70, 125-169. 
8. Visser, J. On hamaker constants: a comparison between hamaker constants and 
lifshitz - van der waals constants. Adv. Colloid Interface Sci. 1972, 3, 331-363. 
9. Lifshitz, E. M. The theory of molecular attractive forces between solids. Soviet 
Physics, Journal of Experimental and Theoretical Physics 1956, 2, 73-83. 
10. Leong, Y. K.; Ong, B. C. Critical zeta potential and the Hamaker constant of oxides 
in water. Powder Technol 2003, 134, 249-254. 
11. Larson, I.; Drummond, C. J.; Chan, D. Y. C.; Grieser, F. Direct force measurements 




12. Butt, H. J.; Cappella, B.; Kappl, M. Force measurements with the atomic force 
microscope: Technique, interpretation and applications. Surf Sci Rep 2005, 59, 1-
152. 
13. Vincent, B.; Edwards, J.; Emmett, S.; Jones, A. Depetion flucculation in 
dispersions of sterically-stabilized particles (soft spheres). Colloids and Surfaces 
1986, 18, 261-281. 
14. Romero-Cano, M. S.; Martin-Rodriguez, A.; de las Nieves, F. J. Electrosteric 
stabilization of polymer colloids with different functionality. Langmuir 2001, 17, 
3505-3511. 
15. Porcel, R.; Jodar, A. B.; Cabrerizo, M. A.; Hidalgo-Alvarez, R.; Martin-Rodriguez, 
A. Sequential adsorption of Triton X-100 and sodium dodecyl sulfate onto 
positively and negatively charged polystyrene latexes. J. Colloid Interface Sci. 
2001, 239, 568-576. 
16. Asakura, S.; Oosawa, F. Interaction between particles suspended in solutions of 
macromolecules. J Polym Sci 1958, 33, 183-192. 
17. Walz, J. Y.; Sharma, A. Effect of long range interactions on the depletion force 
between colloidal particles. J. Colloid Interface Sci. 1994, 168, 485-496. 
18. Feigin, R. I.; Napper, D. H. Stabilization of colloids by free polymer. J. Colloid 
Interface Sci. 1980, 74, 567-571. 
19. Feigin, R. I.; Napper, D. H. Depletion stabilization and depletion flocculation. J. 
Colloid Interface Sci. 1980, 75, 525-541. 
20. Weroński, P.; Walz, J. Y. An approximate method for calculating depletion and 
structural interactions between colloidal particles. J. Colloid Interface Sci. 2003, 
263, 327-332. 
21. Vlachy, V. Depletion interactions in ionic micellar solutions. Langmuir 1996, 12, 
2881-2883. 
22. Jódar-Reyes, A. B.; Martín-Rodríguez, A.; Ortega-Vinuesa, J. L. Effect of the ionic 
surfactant concentration on the stabilization/destabilization of polystyrene colloidal 
particles. J. Colloid Interface Sci. 2006, 298, 248-257. 
23. Zaccone, A.; Wu, H.; Lattuada, M.; Morbidelli, M. Correlation between colloidal 
stability and surfactant adsorption/association phenomena studied by light 
scattering. The Journal of Physical Chemistry B 2008, 112, 1976-1986. 
24. Tardani, F.; La Mesa, C. Attempts to control depletion in the surfactant-assisted 
stabilization of single-walled carbon nanotubes. Colloids and Surfaces A: 




25. Mason, M.; Weaver, W. The settling of small particles in a fluid. Phys Rev 1924, 23, 
412-426. 
26. Weaver, W. The duration of the transient state in the settling of small particles. 
Phys Rev 1926, 27, 499-503. 
27. Yang, Y.-J.; Kelkar, A. V.; Zhu, X.; Bai, G.; Ng, H. T.; Corti, D. S.; Franses, E. I. 
Effect of sodium dodecylsulfate monomers and micelles on the stability of aqueous 
dispersions of titanium dioxide pigment nanoparticles against agglomeration and 
sedimentation. J. Colloid Interface Sci. 2015, 450, 434-445. 
28. Biesheuvel, P. M. Evidence for charge regulation in the sedimentation of charged 
colloids. Journal of Physics: Condensed Matter 2004, 16, L499. 
29. Philipse, A. P.; Koenderink, G. H. Sedimentation–diffusion profiles and layered 
sedimentation of charged colloids at low ionic strength. Adv. Colloid Interface Sci. 
2003, 100, 613-639. 
30. Royall, C. P.; Dzubiella, J.; Schmidt, M.; van Blaaderen, A. Nonequilibrium 
sedimentation of colloids on the particle scale. Phys Rev Lett 2007, 98. 
31. Matthias, S.; Royall, C. P.; Alfons van, B.; Joachim, D. Non-equilibrium 
sedimentation of colloids: confocal microscopy and Brownian dynamics 
simulations. Journal of Physics: Condensed Matter 2008, 20, 494222. 
32. Nuesser, W.; Smold, H. V. Brownian dynamics simulation of sedimented colloidal 
suspensions. Molecular Physics 1999, 96, 893-903. 
33. Ermak, D. L.; McCammon, J. A. Brownian dynamics with hydrodynamic 
interactions. The Journal of Chemical Physics 1978, 69, 1352-1360. 
34. Kubo, R. The fluctuation-dissipation theorem. Reports on Progress in Physics 1966, 
29, 255. 
35. Ramkrishna, D.; Amundson, N. R. Linear operator methods in chemical 
engineering; first ed.; Prentice Hall1985. 
36. Arfken, G. B.; Weber, H. J. Mathematical Methods for Physicists. Academic Press, 
2012. 
37. TZMI. TiO2 pigment annual review. TZ Minerals International. 
38. Van Sang, T.; Velamakanni, B.; Adkins, R. Comparison of methods to assess 
pigment dispersion. Journal of Coatings Technology 2001, 73, 61-70. 
39. Mendel, J.; Bugner, D.; Bermel, A. D. Particle generation and ink particle size 




40. Edwards, J. Is white ink capability really such a big deal? Specialty Graphic 
Imaging Association 2009, 13. 
41. Romano, R. Beyond the Pale: White inks offer unique wide-format challenges and 
applications. Commentary & Analysis. WhatTheyThink? 
42. Farrokhpay, S. A review of polymeric dispersant stabilisation of titania pigment. 
Adv. Colloid Interface Sci. 2009, 151, 24-32. 
43. Wiącek, A. E.; Anitowska, E.; Delgado, A. V.; Hołysz, L.; Chibowski, E. The 
electrokinetic and rheological behavior of phosphatidylcholine-treated TiO2 
suspensions. Colloids and Surfaces A: Physicochemical and Engineering Aspects 
2014, 440, 110-115. 
44. Karakaş, F.; Çelik, M. S. Mechanism of TiO2 stabilization by low molecular weight 
NaPAA in reference to water-borne paint suspensions. Colloids and Surfaces A: 
Physicochemical and Engineering Aspects 2013, 434, 185-193. 
45. Holmberg, J. P.; Ahlberg, E.; Bergenholtz, J.; Hassellov, M.; Abbas, Z. Surface 
charge and interfacial potential of titanium dioxide nanoparticles: experimental and 
theoretical investigations. J. Colloid Interface Sci. 2013, 407, 168-176. 
46. Liu, Y. L.; Yu, Z. F.; Zhou, S. X.; Wu, L. M. De-agglomeration and dispersion of 
nano-TiO2 in an agitator bead mill. J Disper Sci Technol 2006, 27, 983-990. 
47. Lu, Y.; Zhou, S.; Wu, L. De-agglomeration and dispersion behavior of TiO2 
nanoparticles in organic media using 3-methacryloxypropyltrimethoxysilane as a 
surface modifier. J Disper Sci Technol 2011, 33, 497-505. 
48. Imae, T.; Muto, K.; Ikeda, S. The pH-dependence of dispersion of TiO2 particles in 
aqueous surfactant solutions. Colloid Polym Sci 1991, 269, 43-48. 
49. Bouhaik, I. S.; Leroy, P.; Ollivier, P.; Azaroual, M.; Mercury, L. Influence of 
surface conductivity on the apparent zeta potential of TiO2 nanoparticles: 
application to the modeling of their aggregation kinetics. J. Colloid Interface Sci. 
2013, 406, 75-85. 
50. Veronovski, N.; Andreozzi, P.; La Mesa, C.; Sfiligoj-Smole, M.; Ribitsch, V. Use 
of Gemini surfactants to stabilize TiO2 P25 colloidal dispersions. Colloid Polym Sci 
2010, 288, 387-394. 
51. Veronovski, N.; Andreozzi, P.; La Mesa, C.; Sfiligoj-Smole, M. Stable TiO2 





52. Liu, W.; Sun, W. L.; Borthwick, A. G. L.; Ni, J. R. Comparison on aggregation and 
sedimentation of titanium dioxide, titanate nanotubes and titanate nanotubes-TiO2: 
Influence of pH, ionic strength and natural organic matter. Colloid Surface A 2013, 
434, 319-328. 
53. Verwey, E. J. W. Theory of the stability of lyophobic colloids. The Journal of 
Physical and Colloid Chemistry 1947, 51, 631-636. 
54. Liu, X. Y.; Chen, G. X.; Su, C. M. Effects of material properties on sedimentation 
and aggregation of titanium dioxide nanoparticles of anatase and rutile in the 
aqueous phase. J. Colloid Interface Sci. 2011, 363, 84-91. 
55. Li, Z.-p.; Rosen, M. J. Two-phase mixed indicator titration method for 
determination of anionic surfactants. Analytical Chemistry 1981, 53, 1516-1519. 
56. Kodama, M.; Miura, M. The second cmc of the aqueous solution of sodium dodecyl 
sulfate. II. viscosity and density. Bulletin of the Chemical Society of Japan 1972, 45, 
2265-2269. 
57. Paria, S.; Khilar, K. C. A review on experimental studies of surfactant adsorption at 
the hydrophilic solid-water interface. Adv. Colloid Interface Sci. 2004, 110, 75-95. 
58. Dick, S. G.; Fuerstenau, D. W.; Healy, T. W. Adsorption of alkylbenzene sulfonate 
(A.B.S.) surfactants at the alumina-water interface. J. Colloid Interface Sci. 1971, 
37, 595-602. 
59. Bales, B. L. A definition of the degree of ionization of a micelle based on its 
aggregation number. The Journal of Physical Chemistry B 2001, 105, 6798-6804. 
60. Shanks, P. C.; Franses, E. I. Estimation of micellization parameters of aqueous 
sodium dodecylsulfate from conductivity data. J Phys Chem-Us 1992, 96, 1794-
1805. 
61. Sasaki, T.; Hattori, M.; Sasaki, J.; Nukina, K. Studies of aqueous sodium dodecyl 
sulfate solutions by activity measurements. Bulletin of the Chemical Society of 
Japan 1975, 48, 1397-1403. 
62. D. Evans; H. Wennerstrom. The  Colloidal Domain: Where Physics Chemistry, 
Biology, and Technology Meet; Wiely-VCH Inc.: New York, 1999. 
63. Pashley, R. M.; Ninham, B. W. Double-layer forces in ionic micellar solutions. The 
Journal of Physical Chemistry 1987, 91, 2902-2904. 
64. Marra, J.; Hair, M. L. Double-layer forces in nonadsorbing ionic micellar solutions 




65. Buscall, R. The Hamaker coefficient for titanium-dioxide (rutile) in liquid-media. 
Colloid Surface A 1993, 75, 269-272. 
66. Gomez-Merino, A. L.; Rubio-Hernandez, F. J.; Velazquez-Navarro, J. F.; Galindo-
Rosales, F. J.; Fortes-Quesada, P. The Hamaker constant of anatase aqueous 
suspensions. J. Colloid Interface Sci. 2007, 316, 451-456. 
67. Dong, J. N.; Corti, D. S.; Franses, E. I.; Zhao, Y.; Ng, H. T.; Hanson, E. Colloidal 
dispersion stability of CuPc aqueous dispersions and comparisons to predictions of 
the DLVO theory for spheres and parallel face-to-face cubes. Langmuir 2010, 26, 
6995-7006. 
68. Fritz, G.; Schädler, V.; Willenbacher, N.; Wagner, N. J. Electrosteric stabilization 
of colloidal dispersions. Langmuir 2002, 18, 6381-6390. 
69. Suresh, L.; Walz, J. Y. Effect of surface roughness on the interaction energy 
between a colloidal sphere and a flat plate. J. Colloid Interface Sci. 1996, 183, 199-
213. 
70. Marmur, A. A kinetic theory approach to primary and secondary minimum 
coagulations and their combination. J. Colloid Interface Sci. 1979, 72, 41-48. 
71. Weitz, D. A.; Huang, J. S.; Lin, M. Y.; Sung, J. Limits of the fractal dimension for 
irreversible kinetic aggregation of gold colloids. Phys Rev Lett 1985, 54, 1416-1419. 
72. Kelkar, A. V.; Franses, E. I.; Corti, D. S. Nonideal diffusion effects and short-range 
ordering lead to higher aggregation rates in concentrated hard-sphere dispersions. 
Langmuir 2014, 30, 3647-3657. 
73. Kelkar, A. V. On the theory of Brownian aggregation in colloidal dispersions. PhD, 
Purdue University, September 2014. 
74. Kelkar, A. V.; Dong, J. N.; Franses, E. I.; Corti, D. S. New models and predictions 
for Brownian coagulation of non-interacting spheres. J. Colloid Interface Sci. 2013, 
389, 188-198. 
75. Padding, J. T.; Louis, A. A. Hydrodynamic and brownian fluctuations in 
sedimenting suspensions. Phys Rev Lett 2004, 93, 220601. 
76. Israelachvili, J. N. Intermolecular and Surface Forces; 3 ed.; Academic Press: San 
Diego, 2011. 
77. Kelkar, A. V.; Franses, E. I.; Corti, D. S. Non-ideal diffusion effects, short-range 
ordering, and unsteady-state effects strongly influence Brownian aggregation rates 
in concentrated dispersions of interacting spheres. The Journal of Chemical Physics 




78. Allain, C.; Cloitre, M.; Wafra, M. Aggregation and sedimentation in colloidal 
suspensions. Phys Rev Lett 1995, 74, 1478-1481. 
79. Ansell, G. C.; Dickinson, E. Brownian-dynamics simulation of the formation of 
colloidal aggregate and sediment structure. Faraday Discussions of the Chemical 
Society 1987, 83, 167-177. 
80. González, A. E. Colloidal aggregation with sedimentation: Computer simulations. 
Phys Rev Lett 2001, 86, 1243. 
81. González, A. E. Colloidal aggregation in the presence of a gravitational field. 
Journal of Physics: Condensed Matter 2002, 14, 2335. 
82. González, A.; Odriozola, G.; Leone, R. Colloidal aggregation with sedimentation: 
concentration effects. The European Physical Journal E 2004, 13, 165-178. 
83. Whitmer, J. K.; Luijten, E. Sedimentation of aggregating colloids. J Chem Phys 
2011, 134. 
84. Leone, R.; Odriozola, G.; Mussio, L.; Schmitt, A.; Hidalgo-Á lvarez, R. Coupled 
aggregation and sedimentation processes: three-dimensional off-lattice simulations. 
The European Physical Journal E 2002, 7, 153-161. 
85. Odriozola, G.; Leone, R.; Schmitt, A.; Moncho-Jordá, A.; Hidalgo-Á lvarez, R. 
Coupled aggregation and sedimentation processes: the sticking probability effect. 
Phys Rev E 2003, 67, 031401. 
86. Vesaratchanon, S.; Nikolov, A.; Wasan, D. T. Sedimentation in nano-colloidal 
dispersions: Effects of collective interactions and particle charge. Adv. Colloid 
Interface Sci. 2007, 134–135, 268-278. 
87. Kumar, S.; Ramkrishna, D. On the solution of population balance equations by 
discretization—I. a fixed pivot technique. Chemical Engineering Science 1996, 51, 
1311-1332. 
88. González, A. E. Stratification of colloidal aggregation coupled with sedimentation. 
Phys Rev E 2006, 74, 061403. 
89. Gouyet, J.-F.; Mandelbrot, B. Physics and fractal structures; Masson: Paris, 1996. 
90. Gregory, J. The density of particle aggregates. Water Sci Technol 1997, 36, 1-13. 
91. Yang, Y.-J.; Kelkar, A. V.; Corti, D. S.; Franses, E. I. Effect of interparticle 
interactions on agglomeration and sedimentation rates of colloidal silica 




92. Lekkerkerker, H. N. W.; Tuinier, R. Colloids and the Depletion Interaction; 
Springer Netherlands2011. 
93. Asakura, S.; Oosawa, F. On interaction between two bodies immersed in a solution 
of macromolecules. The Journal of Chemical Physics 1954, 22, 1255-1256. 
94. Ma, C. The effect of triton X-100 on the stability of polystyrene latices. Colloids 
and Surfaces 1987, 28, 1-7. 
95. Durand-Gasselin, C.; Koerin, R.; Rieger, J.; Lequeux, N.; Sanson, N. Colloidal 
stability of zwitterionic polymer-grafted gold nanoparticles in water. J. Colloid 
Interface Sci. 2014, 434, 188-194. 
96. Roth, R.; Evans, R.; Dietrich, S. Depletion potential in hard-sphere mixtures:  
Theory and applications. Phys Rev E 2000, 62, 5360-5377. 
97. James, G. K.; Walz, J. Y. Experimental and theoretical investigation of the 
depletion and structural forces produced by ionic micelles. Colloids and Surfaces A: 
Physicochemical and Engineering Aspects 2014, 441, 406-419. 
98. Trokhymchuk, A.; Henderson, D.; Nikolov, A.; Wasan, D. T. A simple calculation 
of structural and depletion forces for fluids/suspensions confined in a film. 
Langmuir 2001, 17, 4940-4947. 
99. Cerda, J. J.; Sintes, T.; Sorensen, C. M.; Chakrabarti, A. Structure factor scaling in 
colloidal phase separation. Phys Rev E 2004, 70. 
100. Tulpar, A.; Tilton, R. D.; Walz, J. Y. Synergistic Effects of Polymers and 
Surfactants on Depletion Forces. Langmuir 2007, 23, 4351-4357. 
101. Vandamme, D.; Foubert, I.; Muylaert, K. Flocculation as a low-cost method for 
harvesting microalgae for bulk biomass production. Trends in Biotechnology 2013, 
31, 233-239. 
102. Duarte, G. V.; Ramarao, B. V.; Amidon, T. E. Polymer induced flocculation and 
separation of particulates from extracts of lignocellulosic materials. Bioresource 
Technology 2010, 101, 8526-8534. 
103. Nieto, L. M.; Hodaifa, G.; Rodríguez, S.; Giménez, J. A.; Ochando, J. 
Flocculation–Sedimentation Combined with Chemical Oxidation Process. CLEAN 
– Soil, Air, Water 2011, 39, 949-955. 
104. Etter, B.; Tilley, E.; Khadka, R.; Udert, K. M. Low-cost struvite production using 




105. Abro, M. I.; Pathan, A. G.; Memon, A. R.; Sirajuddin. Dual polymer flocculation 
approach to overcome activation of gangue minerals during beneficiation of 
complex iron ore. Powder Technol 2013, 245, 281-291. 
106. Saien, J.; Ojaghloo, Z.; Soleymani, A. R.; Rasoulifard, M. H. Homogeneous and 
heterogeneous AOPs for rapid degradation of Triton X-100 in aqueous media via 
UV light, nano titania hydrogen peroxide and potassium persulfate. Chemical 
Engineering Journal 2011, 167, 172-182. 
107. Zeng, G.; Fu, H.; Zhong, H.; Yuan, X.; Fu, M.; Wang, W.; Huang, G. Co-
degradation with glucose of four surfactants, CTAB, Triton X-100, SDS and 
Rhamnolipid, in liquid culture media and compost matrix. Biodegradation 2007, 18, 
303-310. 
108. Wyrwas, B.; Chrzanowski, Ł.; Ławniczak, Ł.; Szulc, A.; Cyplik, P.; Białas, W.; 
Szymański, A.; Hołderna-Odachowska, A. Utilization of Triton X-100 and 
polyethylene glycols during surfactant-mediated biodegradation of diesel fuel. 
Journal of Hazardous Materials 2011, 197, 97-103. 
109. Dong, J.; Chen, S.; Corti, D. S.; Franses, E. I.; Zhao, Y.; Ng, H. T.; Hanson, E. 
Effect of Triton X-100 on the stability of aqueous dispersions of copper 
phthalocyanine pigment nanoparticles. J. Colloid Interface Sci. 2011, 362, 33-41. 
110. Tiller, G. E.; Mueller, T. J.; Dockter, M. E.; Struve, W. G. Hydrogenation of Triton 
X-100 eliminates its fluorescence and ultraviolet light absorption while preserving 
its detergent properties. Analytical Biochemistry 1984, 141, 262-266. 
111. Patist, A.; Bhagwat, S. S.; Penfield, K. W.; Aikens, P.; Shah, D. O. On the 
measurement of critical micelle concentrations of pure and technical-grade 
nonionic surfactants. Journal of Surfactants and Detergents 2000, 3, 53-58. 
112. Paradies, H. H. Shape and size of a nonionic surfactant micelle. Triton X-100 in 
aqueous solution. The Journal of Physical Chemistry 1980, 84, 599-607. 
113. Goyal, P. S.; Menon, S. V. G.; Dasannacharya, B. A.; Thiyagarajan, P. SANS study 
of micellar structure and interactions in Triton X-100 solutions. Physica B: 
Condensed Matter 1995, 213, 610-612. 
114. Robson, R. J.; Dennis, E. A. The size, shape, and hydration of nonionic surfactant 
micelles. Triton X-100. The Journal of Physical Chemistry 1977, 81, 1075-1078. 
115. Brown, W.; Rymden, R.; Van Stam, J.; Almgren, M.; Svensk, G. Static and 
dynamic properties of nonionic amphiphile micelles: Triton X-100 in aqueous 





116. Phillies, G. D. J.; Yambert, J. E. Solvent and solute effects on hydration and 
aggregation numbers of Triton X-100 micelles. Langmuir 1996, 12, 3431-3436. 
117. Mueller, S.; Llewellin, E. W.; Mader, H. M. The rheology of suspensions of solid 
particles. Proceedings of the Royal Society of London A: Mathematical, Physical 
and Engineering Sciences 2010, 466, 1201-1228. 
118. Paria, S.; Khilar, K. C. A review on experimental studies of surfactant adsorption at 
the hydrophilic solid–water interface. Adv. Colloid Interface Sci. 2004, 110, 75-95. 
119. Hinz, C. Description of sorption data with isotherm equations. Geoderma 2001, 99, 
225-243. 
120. Romero-Cano, M. S.; Martin-Rodriguez, A.; de las Nieves, F. J. Adsorption and 
desorption of Triton X-100 in polystyrene particles with different functionality. J 
Colloid Interface Sci 2000, 227, 322-328. 
121. Tadros, T. Principles of emulsion stabilization with special reference to polymeric 
surfactants. J Cosmet Sci 2006, 57, 153-169. 
122. Alexandridis, P.; Alan Hatton, T. Poly(ethylene oxide) poly(propylene oxide)
poly(ethylene oxide) block copolymer surfactants in aqueous solutions and at 
interfaces: thermodynamics, structure, dynamics, and modeling. Colloids and 
Surfaces A: Physicochemical and Engineering Aspects 1995, 96, 1-46. 
123. Alexandridis, P.; Holzwarth, J. F.; Hatton, T. A. Micellization of poly(ethylene 
oxide)-poly(propylene oxide)-poly(ethylene oxide) triblock copolymers in aqueous 
solutions: thermodynamics of copolymer association. Macromolecules 1994, 27, 
2414-2425. 
124. Jung, H. T.; Coldren, B.; Zasadzinski, J. A.; Iampietro, D. J.; Kaler, E. W. The 
origins of stability of spontaneous vesicles. Proceedings of the National Academy 
of Sciences 2001, 98, 1353-1357. 
125. Šegota, S.; Težak, D. Spontaneous formation of vesicles. Adv. Colloid Interface Sci. 
2006, 121, 51-75. 
126. Allen, T. M.; Cullis, P. R. Liposomal drug delivery systems: from concept to 
clinical applications. Advanced Drug Delivery Reviews 2013, 65, 36-48. 
127. Regev, O.; Khan, A. Vesicle - lamellar transition events in DDAB-water solution. 
Prog Coll Pol Sci S 1994, 97, 298-301. 
128. Ono, Y.; Kawasaki, H.; Annaka, M.; Maeda, H. Effects of micelle-to-vesicle 





129. Marques, E. F.; Regev, O.; Khan, A.; Miguel, M. D.; Lindman, B. Vesicle 
formation and general phase behavior in the catanionic mixture SDS-DDAB-water. 
The cationic-rich side. J Phys Chem B 1999, 103, 8353-8363. 
130. Matsumoto, T.; Heiuchi, T.; Horie, K. Morphology and viscoelasticity of bilayer 
aqueous colloids of low-molecular and macromolecular amphiphiles. Colloid 
Polym Sci 1989, 267, 71-79. 
131. Feitosa, E.; Jansson, J.; Lindman, B. The effect of chain length on the melting 
temperature and size of dialkyldimethylammonium bromide vesicles. Chemistry 
and Physics of Lipids 2006, 142, 128-132. 
132. Berne, B. J.; Pecora, R. Dynamic Light Scattering: With Applications to Chemistry, 
Biology, and Physics; Dover Publications2000. 
133. Soltero, J. F. A.; Bautista, F.; Pecina, E.; Puig, J. E.; Manero, O.; Proverbio, Z.; 
Schulz, P. C. Rheological behavior in the didodecyldimethylammonium 
bromide/water system. Colloid Polym Sci 2000, 278, 37-47. 
134. Yang, H.; Wang, J.; Yang, S.; Zhang, W. Aggregate conformation and rheological 
properties of didodecyldimethylammonium bromide in aqueous solution. J Disper 
Sci Technol 2010, 31, 650-653. 
135. Lan, Q.; Francis, L. F.; Bates, F. S. Silica nanoparticle dispersions in homopolymer 
versus block copolymer. J. Polym. Sci. Pt. B-Polym. Phys. 2007, 45, 2284-2299. 
136. Phenrat, T.; Saleh, N.; Sirk, K.; Kim, H. J.; Tilton, R. D.; Lowry, G. V. 
Stabilization of aqueous nanoscale zerovalent iron dispersions by anionic 
polyelectrolytes: adsorbed anionic polyelectrolyte layer properties and their effect 
on aggregation and sedimentation. J Nanopart Res 2008, 10, 795-814. 
137. Gotchev, G.; Kolarov, T.; Khristov, K.; Exerowa, D. Electrostatic and steric 
interactions in oil-in-water emulsion films from Pluronic surfactants. Adv. Colloid 
Interface Sci. 2011, 168, 79-84. 
138. Yeap, S. P.; Ahmad, A. L.; Ooi, B. S.; Lim, J. Electrosteric stabilization and its role 
in cooperative magnetophoresis of colloidal magnetic nanoparticles. Langmuir 
2012, 28, 14878-14891. 
139. Yang, Y.-J.; Corti, D. S.; Franses, E. I. Use of close-packed cesicular dispersions to 
stabilize colloidal particle dispersions against sedimentation. Langmuir 2015. 
140. Franses, E. I.; Corti, D. S.; Yang, Y.-J.; Ng, H. T.; Zhao, Y.; Tom, H. S. Aqueous 
ink composition. 
141. Carpen, I. C.; Brady, J. F. Microrheology of colloidal dispersions by Brownian 




142. Foss, D. R.; Brady, J. F. Brownian dynamics simulation of hard-sphere colloidal 
dispersions. J Rheol 2000, 44, 629-651. 
143. Strating, P. Brownian dynamics simulation of a hard-sphere suspension. Phys Rev 
E 1999, 59, 2175. 
144. Rastogi, S. R.; Wagner, N. J.; Lustig, S. R. Rheology, self‐diffusion, and 
microstructure of charged colloids under simple shear by massively parallel 
nonequilibrium Brownian dynamics. The Journal of chemical physics 1996, 104, 
9234-9248. 
145. Cerbelaud, M.; Videcoq, A.; Abélard, P.; Pagnoux, C.; Rossignol, F.; Ferrando, R. 
Heteroaggregation between Al2O3 Submicrometer Particles and SiO2 
Nanoparticles:  Experiment and Simulation. Langmuir 2008, 24, 3001-3008. 
146. Gnann, M. V.; Gazuz, I.; Puertas, A. M.; Fuchs, M.; Voigtmann, T. Schematic 
models for active nonlinear microrheology. Soft Matter 2011, 7, 1390-1396. 
147. Nägele, G.; Bergenholtz, J. Linear viscoelasticity of colloidal mixtures. The Journal 
of chemical physics 1998, 108, 9893-9904. 
148. Lees, A. W.; Edwards, S. F. The computer study of transport processes under 
extreme conditions. Journal of Physics C: Solid State Physics 1972, 5, 1921. 
149. Allen, M. P.; Tildesley, D. J. Computer Simulation of Liquids; Clarendon 
Press1989. p 385. 
150. Morriss, G. P.; Evans, D. J. Statistical Mechanics of Nonequilbrium Liquids; ANU 
Press: Canberra, 2007. 
151. Wagner, A. J.; Pagonabarraga, I. Lees–Edwards boundary conditions for lattice 
Boltzmann. Journal of Statistical Physics 2002, 107, 521-537. 
152. Swaroop, M.; Brady, J. F. The bulk viscosity of suspensions. J Rheol 2007, 51, 
409-428. 
153. MacKintosh, F.; Schmidt, C. Microrheology. Current Opinion in Colloid & 
Interface Science 1999, 4, 300-307. 
154. Mason, T.; Ganesan, K.; van Zanten, J. H.; Wirtz, D.; Kuo, S. Particle tracking 
microrheology of complex fluids. Phys Rev Lett 1997, 79, 3282. 
155. Waigh, T. A. Microrheology of complex fluids. Reports on Progress in Physics 




156. Wilson, L. G.; Harrison, A. W.; Schofield, A. B.; Arlt, J.; Poon, W. C. K. Passive 
and active microrheology of hard-sphere colloids. The Journal of Physical 
Chemistry B 2009, 113, 3806-3812. 
157. Sriram, I.; Meyer, A.; Furst, E. M. Active microrheology of a colloidal suspension 
in the direct collision limit. Physics of Fluids 2010, 22, 062003. 
158. Russel, W. B.; Wagner, N. J.; Mewis, J. Divergence in the low shear viscosity for 
Brownian hard-sphere dispersions: At random close packing or the glass transition? 
J Rheol 2013, 57, 1555-1567. 
159. Hoover, W. G.; Ree, F. H. Melting Transition and Communal Entropy for Hard 
Spheres. The Journal of Chemical Physics 1968, 49, 3609-3617. 
160. Radin, C. Random Close Packing of Granular Matter. Journal of Statistical Physics 
2008, 131, 567-573. 
161. Swan, J. W.; Zia, R. N. Active microrheology: Fixed-velocity versus fixed-force. 
Physics of Fluids 2013, 25, 083303. 
162. Habdas, P.; Schaar, D.; Levitt, A. C.; Weeks, E. R. Forced motion of a probe 
particle near the colloidal glass transition. EPL (Europhysics Letters) 2004, 67, 477. 
163. Frisken, B. J.; Asman, C.; Patty, P. J. Studies of Vesicle Extrusion. Langmuir 2000, 
16, 928-933. 
164. Zhu, T. F.; Szostak, J. W. Preparation of Large Monodisperse Vesicles. PLoS ONE 
2009, 4. 
165. Li, F.; Prevost, S.; Schweins, R.; Marcelis, A. T. M.; Leermakers, F. A. M.; Cohen 
Stuart, M. A.; Sudholter, E. J. R. Small monodisperse unilamellar vesicles from 
binary copolymer mixtures. Soft Matter 2009, 5, 4169-4172. 
166. Kita-Tokarczyk, K.; Grumelard, J.; Haefele, T.; Meier, W. Block copolymer 
vesicles—using concepts from polymer chemistry to mimic biomembranes. 
Polymer 2005, 46, 3540-3563. 
167. Lim Soo, P.; Eisenberg, A. Preparation of block copolymer vesicles in solution. 
Journal of Polymer Science Part B: Polymer Physics 2004, 42, 923-938. 
168. Aratono, M.; Onimaru, N.; Yoshikai, Y.; Shigehisa, M.; Koga, I.; Wongwailikhit, 
K.; Ohta, A.; Takiue, T.; Lhoussaine, B.; Strey, R.; Takata, Y.; Villeneuve, M.; 
Matsubara, H. Spontaneous Vesicle Formation of Single Chain and Double Chain 





169. Safran, S.; Pincus, P.; Andelman, D. Theory of spontaneous vesicle formation in 
surfactant mixtures. Science 1990, 248, 354-356. 
170. Wu, J.; Aidun, C. K. Simulating 3D deformable particle suspensions using lattice 
Boltzmann method with discrete external boundary force. International Journal for 





















Appendix A. Analytical solution for Mason-Weaver equation 
The Mason-Weaver equation can be solved with the use of either a Laplace 
transform or the Sturm-Liouville theory, and its analytical solution can be expressed in 
the form of an infinite series. In this section, the derivation of the analytical solution from 
the Sturm-Liouville theory is shown. This theory is often used for solving real separable 
second-order linear differential equation. The second-order linear differential equation 
can be rewritten in the form of Sturm-Liouville equation by an appropriate integrating 
factor. The Sturm-Liouville operator is defined as 








) + 𝑞(𝜉) (A-1) 










) = L𝐶 (A-2) 
Its corresponding eigenvalue problem is  






) = 𝜆𝑧 (A-3) 
where λ is the eigenvalue of the equation; z is the eigenfunction of the equation. Then Eq. 
(A-1) can be recasted as 




Using the following transformation to transform Eq. (A-4) corresponding to the certain 
eigenvalue λn to the following equation. 




The transforming equation of Eq. (A-4) becomes 







The solution of Eq. (A-7) corresponding to the eighenvalue 𝜆𝑛 is  
 𝐶𝑛̅̅ ̅ = 𝐶𝑛0̅̅ ̅̅̅𝑒𝑥𝑝 (−𝜆𝑛𝜃) (A-7) 
The nontrivial solution of Eq. (A-2) can be expressed as a sum of the solutions 
corresponding to all the eigenvalues obtained by inverse transformation. 
 𝐶(𝜉, 𝜃) = ∑ 𝐶𝑛̅̅ ̅(𝜃)𝑧𝑛(𝜉)
∞
𝑛=0 = ∑ 𝐶𝑛0̅̅ ̅̅̅𝑒𝑥𝑝 (−𝜆𝑛𝜃)𝑧𝑛(𝜉)
∞






 which is in order to normalize the eigenvectors 
(2) 𝐶𝑛0̅̅ ̅̅̅ = ∫ 𝑟(𝜉)𝐶𝑖(𝜉)𝑧𝑛( )d𝑥
𝑏
𝑎
    which is according to the initial condition 
Following the strategy mentioned above, the analytical solution is as follow. 
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Appendix B. Supporting information of the titania particles 
B.1 X-ray photoelectron spectroscopy (XPS) 
The elements in the surface layer of the titania particles were detected with a Kratos 
X-ray Photoelectron Spectroscope with a monochromatic Al anode. The experiments 
were done at the Birck Nanotechnology Center at Purdue University. XPS data showed 
that in addition to strong signals from titanium (Ti) and oxygen (O), the spectrum shows 
evidence of aluminum (Al), which is probably from the surface layer of Al2O3 (see 
Figure B.1).  The thin organic surface layer is the possible source of carbon (C), and 
probably the source of the small amount of fluorine (F) and nitrogen (N). 
 
 





B.2 Thermogravimetric analysis (TGA) 
The mass loss of the dry titania particles for temperatures up to 1000 ℃  was 
determined with a Q500 Thermogravimetric Analyzer (TGA) at the HP Innovation Labs.  
Samples of 20 ± 3 mg were heated at 20 ℃/min under an argon atmosphere. The data 
were analyzed by using the TA Universal Analysis 2000 software. From TGA, the large 
number of peaks may arise from the decomposition and evaporation of the organic 
surface layer; see Figure B.2.  These peaks were not identified. The data were used only 
to estimate the TiO2 content. The solid remaining at the end may also contain Al2O3 and 
some residual carbon. 
 
 





Appendix C. Supporting material for Chapter 4 
C.1 Effects of particle concentration on sedimentation of silica suspensions 
The suspensions in water with particle concentrations of 0.1, 0.2, 0.5, 1.0, and 3.0 
wt% for the three types of silica particles were examined. The photographs of the 
aqueous suspensions at various times since sample preparation are shown in Figure C.1. 
The front locations are nearly identical at the times shown for each type of particles, 
inferring that that there were no interparticle interactions.  
 
 
Figure C.1 Photographs for aqueous suspensions of silica particles with 𝑑 = 750 (a1-a5), 




since sample preparation: for vials 1-5, particle weight fractions are 0.1, 0.2, 0.5, 1.0, and 
3.0 wt%. 
 
C.2 Effects of salt concentration on sedimentation of silica suspensions at 0.5 wt% 
The behavior of the silica suspensions was tested at various concentrations of added 
electrolyte NaBr, from 50 to 750 mM at 0.5 wt%. The photographs of the aqueous 
suspensions at various times since sample preparation are shown in Figure C.2 and C.3. 
Three types of behavior were observed for the 750 and 350 nm particles as observed for 
the 505 nm particles; see main texts for details. 
 
 
Figure C.2 Photographs for aqueous suspensions of 0.5 wt% silica particles with d = 750 
nm and various NaBr concentrations cNaBr: for vials 1-8, cNaBr = 0, 50, 100, 125, 150, 200, 





Figure C.3 Photographs for aqueous suspensions of 0.5 wt% silica particles with d = 350 
nm and various NaBr concentrations cNaBr: for vials 1-12, cNaBr = 0, 50, 100, 150, 200, 
250, 300, 350, 400, 500, 600, and 750 mM. 
 
C.3 Derivation of the agglomeration time for the USS model and the interacting particles 
If one considers only monomers colliding with other monomers to form dimers, then 
the time evolution of the bulk concentrations of the monomers 𝑁1(𝑡) can be obtained by 

























     for interacting particles (C-3) 
where 𝑊 is Fuchs-Smoluchowski stability ratio, defined in Eq. (3-6). Using these rate 




 , Eq. (C-1) is solved 








=   1+16𝜙1𝑘B𝑇𝜋𝜂𝑑13𝑊𝑡−1  (4-7) 













By solving Eq. (C-1) with this rate constant, one can obtain the time evolution of the 




=  [1 +
16𝜙1𝑘B𝑇
𝜋𝜂𝑑1
3 𝑡 (1 +
2
√𝑡/𝜏1
)  ] −1  (4-9) 
If we assume that the unsteady-state rate constant for interacting spheres is the hard-
sphere rate constant divided by 𝑊 , as is for the steady-state model, then the time 














by setting 𝑁1(𝑡) = (
1
100
)𝑁1(𝑡 = 0), one can calculate the time for the monomers to 















If the dimers are now onsidered to be the new “primary particles” beyond 𝑡a2
USS. With 
assumption that 𝑊 is independent of size and the same for both cluster models, the time 















The time for the dimers to agglomerate completely (by 99%) to form only tetramers is 























Similarly, one can obtain the time to form n-mers as 
 𝑡a𝑛
























, and the summation is only for 𝑚 =1, 2, 4, 8, …, 
𝑛
2
. One can rewrite 
Eq. (C-7) by using Eq. (3-8) as follows 
 𝑡a𝑛











𝑚=0  (C-8) 
where 𝑛 = 2𝑁m. 
 
C.4 Monomer and Clusters Number Densities and Agglomeration Times 
The following calculations are done for systems similar to some of our experimental 
systems, with 𝑑1 = 484 nm, ∆𝜌1 = 1.0 g/cm
3




298 K, and 𝐿 = 1.8 cm. For the compact clusters and the loose fractal clusters, a fractal 
dimension 𝑑f  of 3.0 and 1.8 for diffusion-limited agglomeration were used. The time 
evolution of monomer, dimer, and tetramer number densities for 𝑊  = 1 is shown in 
Figure C.4 and C.5.  As 𝜙1 increased, the particles agglomeration became faster for both 
the compact or loose fractal clusters. For the SS model, the time evolution of the cluster 
number densities for the compact and the loose fractal clusters was the same, so did the 
corresponding agglomeration times; see Figure C.4 for 𝜙1 = 0.015. For the USS model 
(Figure C.5), with the same 𝜙1, for 𝑑f = 3.0 and 𝑑f = 1.8, the time evolution for monomer 
and clusters were almost the same, but the one with 𝑑f = 1.8 dropped always earlier than 
the one with 𝑑f = 3.0. In general, the predictions of 𝑡a𝑛 are SS/fractal = SS/compact > 
USS/fractal > USS/compact. See Section 4.5.3.1 for more details. 
 
 
Figure C.4 Time evolution of monomer, dimer, tetramer, and octamer number densities 
with 𝑑1 = 484 nm, 𝑊 = 1, and 𝜙1 = 0.015 for the SS models and the compact (𝑑f = 3.0) 










Figure C.5 Time evolution of monomer, dimer, tetramer, octamer, and 16-mer with 𝑑1 = 
484 nm and 𝑊 = 1 for the USS model with (a) 𝜙1 = 0.0025 and 𝑑f = 3.0, (b) 𝜙1 = 0.0025 
and 𝑑f = 1.8, (c) 𝜙1 = 0.015 and 𝑑f = 3.0, and (d) 𝜙1 = 0.015 and 𝑑f = 1.8. 
 
For 𝑑1 = 484 nm, 𝑊 = 1, and 𝜙1 = 0.0025, the agglomeration times were plotted as a 
function of cluster diameter 𝑑𝑛 in Figure C.6. In general, for a cluster diameter 𝑑𝑛, the 
order of the agglomeration times is SS/compact ≥  USS/compact ≥  SS/fractal ≥ 





Figure C.6 For particles with 𝑑1 = 484 nm, 𝑊 = 1, and 𝜙1 = 0.0025, agglomeration times 
𝑡a𝑛  predicted by the SS/compact, SS/fractal, USS/compact, and USS/fractal models is 
shown as a function of cluster diameter 𝑑𝑛. 
 
C.5 DLVO Potential Curves and The Corresponding Stability Ratios 
For the 750 nm silica particles in 1000 mM NaBr, the DLVO potential curves are 
shown in Figure C.7. The values of the surface potentials used are the experimental 
values of -22.3 mV at 𝑐NaBr = 200 mM, and four Hamaker constants are used. For 𝐴 = 
1.5 and 2.0 zJ, the potential energy barriers are about 40 𝑘𝐵𝑇 and 20 𝑘𝐵𝑇; the stability 
ratios are 5.3x1014 and 3.8x106 respectively. For  𝐴  = 3.0 and 4.4 zJ, there are no 






Figure C.7 Dimensionless DLVO potential between two equal-size spheres as a function 
of the separation distance ℎ for 𝑑 = 748 nm in 𝑐NaBr = 1000 mM. In the calculation, the 
zeta potentials of -22.3 mV are used as surface potential, and various Hamaker constants 
A are used. Their corresponding stability ratios 𝑊 are shown also well.  
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Appendix D. Supporting material for Chapter 6 
D.1 Results on DLS measurements of DDAB vesicles after preparation 
DLS measurements were used to detect the sizes of the DDAB vesicles, and provide 
evidence of the vesicles mobility. The hydrodynamic diameters of DDAB vesicles in 
water from 0.05 to 2.0 wt% with procedures S and SS were measured (Table D.1). At 
0.05 wt%, the vesicles sizes were about 353 ± 195, and 184 ± 106 nm for the S and SS 
procedures, respectively. Substantial size polydispersity was observed in both cases. The 
sonicated samples had smaller vesicles with more uniform diameters. With higher DDAB 
concentration, 0.5 and 1.0 wt%, the sizes increased to 400 ± 233 and 429 ± 273 nm for 
the S procedure, and to 300 ± 156 and 357 ± 211 nm for the SS procedure. The sizes 
were slightly larger at the higher concentrations, and again smaller with the SS procedure 
than with the S procedure (at the same concentration.)  Sonication evidently broke up the 
vesicles to smaller sizes. At 𝑐DDAB = 1.5 wt% (S), the DLS results showed apparent sizes 
of 1000 − 3000 nm (1 − 3 μm). This is probably an artifact due to the presence of 
vesicles adjacent to other vesicles, which slow down their movement, or due to locally 
high viscosities. For 1.5 wt% (SS), the apparent vesicle sizes were smaller, about 
340 ± 187 nm , closer to the range at lower concentration implying less significant 
vesicles interactions. At 𝑐DDAB = 2.0 wt% (S or SS), the auto correlation functions did not 
decay to zero, showing that the vesicles’ positions may be correlated, and no reliable 
values of vesicles diameters can be obtained. In these systems, the vesicles cannot move 
or diffuse freely, since they are impeded by the other vesicles. 
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Table D.1 Average hydrodynamic diameters of DDAB vesicles in water with the S and 




0.05 353(±4) ±  195(±2) 184(±2) ±  106(±2) 
0.20 356(±5) ±  196(±3) 304(±4) ±  158(±2) 
0.50 400(±8) ±  233(±6) 300(±8) ±  156(±6) 
0.70 400(±5) ±  231(±3) 380(±6) ±  217(±3) 
1.00 429(±10)  ±  273(±7) 357(±7) ±  211(±4) 
1.50 N/A ∗ 340(±5) ±  187(±3) 
2.00 N/A ∗ N/A ∗ 
The averages of the effective diameters 𝑑h, the averages of the HWHM widths Δd, and 
their standard deviations 𝜎1 and 𝜎2 are reported as 𝑑h(±𝜎1) ± Δ𝑑(±𝜎2) nm. 
*N/A: No reliable data can be obtained from DLS measurements due to non-standard 
shapes of the auto-correlation functions. 
 

















Figure D.1 Additional cryo-TEM micrograph of titania particles in DDAB vesicular 
dispersions prepared with S procedure((a)-(e)) and with SS procedure ((f)-(h)). In (d) and 
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